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1. Introduction and motivation 

Taking quotients of smooth (super)gravity backgrounds has long been a fun- 
damental tool in string theory, both in the context of Kaluza-Klein reduction, in 
which one quotients by the action of a continuous group, and in the orbifold context, 
in which the group is discrete. Riemannian singular quotients (orbifolds) provide 
exact string theory backgrounds which allow us to understand how string theory 
resolves certain types of timelike singularities. These techniques are also relevant 
in the Kaluza-Klein context: an early nontrivial example is the embedding of the 
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Melvin universe [1] in string theory [2,3]. This work naturally suggests studying 
Lorentzian orbifolds, in the hope of reaching a similar understanding of certain types 

of spacelikc singularities, in particular those related to the Big Bang. Although 
some progress has been achieved [4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19], the 
fate (and physics) of these singularities remains a very important area of research 
in string theory. Out of this effort we now have a complete list of smooth quotients 
of Minkowski spacetime. This classification was given in [20] recovering previous 
results on fluxbranes [21,22,23,24,25]^ and uncovering the existence of an inter- 
esting non-static smooth quotient— the nuUbrane — which can be understood as a 
desingularisation of the parabolic orbifold [35], the supersymmetric toy model for 
a Big Crunch-Big Bang transition singularity, by the introduction of a new scale 
(modulus) that smoothes the singularity. 

In this paper, we will study discrete cyclic quotients of anti-dc Sitter (AdS) 
backgrounds in gravity and in string theory. Because of its high degree of symmetry, 
the story for anti-dc Sitter space is particularly interesting, and there is already a 
rich literature on physically interesting locally anti-dc Sitter spacctimes, with much 
of the discussion having focused on the BTZ black hole solutions [36, 37] and their 
generalisations [38,39,40]. However, some examples of smooth quotients are also 
known [41,42,43] ^. Given the considerable interest of AdS backgrounds in string 
theory, the time seems ripe for a more systematic investigation of these questions. 

In a recent pair of papers [54, 55] we have classified quotients of AdS by one- 
parameter subgroups of isometrics. The emphasis in [54] being on AdS backgrounds 
in string theory, it was necessary to classify quotients of geometries of the form 
AdSp+i X S'' by one-parameter subgroups of isometrics. As such backgrounds are 
maximally supersymmetric, it was also natural to study the question of how much 
supersymmetry was preserved by the quotient and in [54] there is a detailed analysis 
of this question and the related issue of the existence of a spin structure on the 
quotient. 

Our purpose in the present paper is to study the geometry of the discrete cyclic 
quotients associated to such one-parameter subgroups, paying close attention to 
their causal structure, and to develop a formalism to discuss the geometry and 
physical interpretation of all smooth quotients. 

Many of the quotients classified in [54, 55] contain closed timelike curves and 
while there may be some interest in studying such quotients, we shall nevertheless 
concentrate our attention on those quotients for which there is a well-founded ex- 
pectation that they will provide good backgrounds for string propagation. We will 
therefore focus on and discuss in detail two kinds of quotients that can be given a 
simple physical interpretation: smooth quotients with a well-behaved causal struc- 
ture, and those which can be given a black hole interpretation following [36,37]. 
At the end of this work, we shall briefly comment on the relation between some 
of our spacctimes having closed causal curves and Godel-type universes recently 
discussed in the literature [56,57,58,59]. The connection arises because certain 
quotients commute with the Penrose limit [60,61,62,63]. Thus, one can identify 
which discrete quotients of AdSp+i xS'' bac;kgrounds give rise to compactified pp- 
waves having closed timelike curves after taking the Penrose limit, the latter being 
T-dual to Godel-type universes. 

We find that there are two types of quotients with well-behaved causal structures. 
First, there are quotients where an action on AdS alone is well behaved. These are 
generalisations of the two cases studied previously: 



^Related work on the physics of fluxbranes can be found in [26,27,28,29,30,31,32,33,34]. 
^Some other work concerning orbifolds of AdS can be found in [44,45,46,47,48,49,50,51,52,53]. 
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(i) self-dual orbifolds of AdSa [41,43] and their higher-dimensional generalisa- 
tions, having no analogue in asymptotically flat configurations; and 

(ii) the AdS analogue of the flat nuUbrane construction [42], consisting of a 
double null rotation action on S0(2,p) p > 4. This is the near horizon 
geometry of a stack of D3-branes in the nuUbrane vacuum for p = 4 and a 
stack of M5-branes in the same vacuum for p = 6. 

We give a comprehensive discussion of the structure of these quotients, extending 
previous results. For the double null rotation, we construct a new symmetry- 
adapted coordinate system, and find interesting relations to compactified plane 
waves. We comment on related issues in the nuUbranes in an appendix. 

Secondly, there are quotients where the norm of the AdS isometry is non- 
negative, but not always positive, so the pure AdS action would have singularities 
or closed null curves. These can be removed by a suitable action on the transverse 
sphere if the latter is odd-dimensional. This second type is qualitatively new. These 
non-trivial actions on AdS can be divided into three categories: 

(i) discrete quotients by rotations in AdS, the higher- dimensional analogues of 

the AdSs conical defects; 

(ii) discrete quotients by a null rotation, whose description in the Poincare 
patch corresponds to a spacelike translation (in pure AdSs, these would give 
rise to the masslcss BTZ black hole [37] ) and whose sphere deformations are 
the near horizon limit of brane configurations in fluxbranc vacua classified 
in [64,65]; and 

(iii) discrete quotients defined by an everywhere null vector field in AdSp {p > 
3), whose description in the Poincare patch corresponds to a 'translation' 
along a lightlike direction. Once more, when deformed by a non-trivial 
action on a transverse sphere, this corresponds to the near horizon coun- 
terpart of the corresponding quotients classified in [64,65]. 

It is important to stress that any of the string theory backgrounds discussed 
in this paper are related to many others through U-duality and by Kaluza-Klein 
reductions from or liftings to M-theory. We shall not pursue this possibility in 
this paper, even though it is natural to wonder about the dual incarnations of our 
backgrounds. 

In studying quotients with a black hole interpretation, we confirm and elucidate 
the conclusion of [38], that for p > 2, the only locally AdSp+i black hole solution is 
the higher-dimensional generalisation of the non-rotating BTZ black hole, discussed 
previously in [39,40]. We explain the origin of this restriction in general. We 
discuss the relation to other recent work and comment on the proper interpretation 
of another solution presented in [40]. 

We begin in Section 2 by reviewing the classification of quotients, setting up 
the notation that will be used in the remainder of the paper, discussing Killing 
vectors on the sphere and determining the conditions under which a discrete cyclic 
quotient of AdS x S will admit a spin structure. Section 3 explains the relation 
between the classification of Killing vectors in AdS and the existence of closed 
timelike curves in the resulting discrete quotients. In Section 4 we discuss causally 
well-behaved quotients, and Section 5 demonstrates that the only black hole solution 
is the generalisation of the non-rotating BTZ black hole. We finish with a small 
digression on Penrose limits of discrete quotients, and the relation between Godel- 
type universes and some quotients of AdS having closed timelike curves. Some 
technical details are relegated to the appendices. 
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2. Conventions and background material 

In this section we will briefly review the geometrical set up and the results 
of [54, 55] in an attempt to make the present paper self-contained. 

2.1. Anti-de Sitter isometries. The dramatis personae of this paper are quo- 
tients of AdS backgrounds, cither of anti-dc Sitter space AdSp+i itself in the con- 
text of pure gravity, or of Freund-Rubin backgrounds of the form AdSp+i x in 
supergravity and string theory. 

As usual in Physics, throughout this paper AdSp+i (p > 2) shall denote the 
simply- connected anti-de Sitter space. In other words, AdSp+i (with radius of 
curvature R) is the universal cover of the quadric traced by the equation 

-{x' f - {x^ + ^(xO' = -R^ (2.1) 

i=3 

in the pseudo-euclidean space R^'^ with coordinates (a;^, x^, . . . , x^^^). The isom- 
etry group of the quadric is 0(2, p), which acts linearly on R^'^ and preserves the 
quadric. This is analogous to the case of the sphere S' (of radius of curvature R), 
which can be identified with the corresponding quadric in the euclidean space IR^"*"^ 
and whose group of isometrics is 0{q + 1) acting linearly in R'''^^ and preserving 
the quadric. However, whereas the sphere (for g > 1) is simply-connected, the 
quadric (2.1) is not. Indeed, its fundamental group is Z if p > 2 and Z ® Z if p = 2. 
This means that although the isomctry group of the quadric (2.1) is 0(2, p), that 
of AdSp+i is a non-trivial central extension by Z or Z © Z. 

In string theory, Freund-Rubin backgrounds of the form AdSp+i x S^ are not 
fully specified by the geometry alone, but require in addition specifying fluxes, 
which in these backgrounds coincide with the volume forms of the relevant factors. 
In other words, both factors come with orientation. This means that the symme- 
tries of a Frcund Rubin background arc the orientation-preserving isometrics of the 
underlying geometries. For S^ this is the Lie group SO(g'-|- 1), whereas for AdSp+i 
it is the infinite cover of 80(2, p) obtained by centrally extending this group by 
the fundamental group of the quadric, as explained in [54, Section 5.1.2]. We will 

denote this group by S0(2,p). Annoyingly, it cannot be embedded in a matrix 
group; that is, it does not admit any finite-dimensional faithful linear representa- 
tions. Crucially, however, 80(2, p) has two features in common with its quotient 
S0{2,p). First of all, they share the same Lie algebra so(2,p) and furthermore, 

since conjugation by central elements is trivial, the adjoint action of S0(2,p) on 

so(2,p) factors through S0{2,p). Similarly, the action of the spin cover Spin(2,p) of 

S0(2,p) on the spinor representations factors through Spin(2,p). These happy facts 
allow a complete analysis of one-parameter subgroups and also the determination 
of the supersymmetry preserved by a quotient. 

2.2. One-parameter subgroups of isometries of AdSp+i. By definition, a one- 
parameter subgroup r of a Lie group G is the image under the exponential map of 
a one-dimensional subspace of its Lie algebra g. In other words, F consists of group 
elements of the form cxp{tX), where t E R and X E q. The topology of F is either 
IR or 8^, depending on whether or not exp{tX) is the identity element in G for some 
nonzero t. If 2nT > is the smallest such t, then the exponential map defines a 
diffcomorphism of the circle R/2nTZ with F, otherwise it defines a diffeomorphism 
of IR with F. 

Every one-parameter subgroup F C G gives rise to an infinite family (indexed by 
the subgroup itself) of discrete cyclic subgroups F^ generated by an element 7 € F. 
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If 7 has infinite order, then Tj = Z, whereas if the order is N, then Tj = Zat. AU 
infinite cycUc subgroups of G in the image of the exponential map are obtained in 
this way. In the cases when F = S"'^, we will restrict our attention to elements 7 of 
finite order. Quotienting a manifold M on which G acts by the action of consists 
in identifying points of M which are related by the action of 7. Since 7 = ex.p{£X) 
for some X G g and some ^ > 0, quotienting by F^ consists in identifying points 
in M which are related by flowing along the integral curve of the Killing vector 
corresponding to X for a time i. 

As explained, for example, in [20], if F and F' are conjugate subgroups of isome- 
trics of a space M, then their quotients M/F and M/F' are isometric, the isometry 
being induced from the isometry of M which conjugates F into F'. Therefore to 
classify such quotients M/F, it is enough to classify subgroups up to conjugation. 
For one-parameter subgroups this corresponds to classifying adjoint orbits in the 
Lie algebra g. Furthermore, by reparamotrising the subgroup if needed, one can 
further projcctivisc the Lie algebra and declare coUincar elements as equivalent. 

Therefore to classify conjugacy classes of one-parameter subgroups of isometries 
of AdSp+i for p > 2 it is equivalent to classify equivalence classes of elements 
X e 50(2, p) under 

X ~ tgXg-'^ where t G and 5 e S0(2,p). (2.2) 

Such a classification was established in [54,55] and we review it now. 

Every B G so(2,p) defines a skew-symmetric endomorphism of IR^'-p, which we 
also denote by B. Associated to each such endomorphism there is an orthogonal 
decomposition 

R2,P = Vi © • • • © Vfc 

into indecomposable nondegenerate subspaces stabilised by B; that is, for each i, 
B(Vi) C Vi, the inner product restricts non-degenerately to each Vj, and the re- 
striction Bi of B to Vi does not decompose further into nondegenerate blocks. Con- 
versely out of such elementary blocks Bi one can build the original endomorphism 
B. In this way, the original problem is essentially mapped into the classification of 
normal forms of skew-symmetric endomorphisms of R™'" with m < 2 and n < p 
up to conjugation by isometries. The latter are listed in Table 1, where we found 
it convenient to identify the endomorphism with the corresponding bilinear form, 
and to write these in terms of the usual basis = A Sj for A^R^^^ consisting of 
wedge products of the elements of the ordered frame (e^), where ei, 62 denote the 
two timelike directions, the remaining ones being spacelike. The superscript (m, n) 
on the elementary blocks specifies the subspace R™'" that they act on. The Killing 
vector in R^'^" associated to the two-form 

X = \^B'^ei, e A2r2.p ^so(2,p) 

is given by 

It is clearly tangent to the quadric and it lifts to a Killing vector field on AdSp+i 
which we also denote ^x- 

Let us briefly discuss the interpretation of each of these elementary blocks to 
help the reader get used to our notation. We shall denote boost parameters by /? 
and rotation parameters by ip. There are three inequivalent two-dimensional el- 
ementary blocks: a spacelike rotation i?(°'2)((p), a boost i?'-^'^''(/3) and a timelike 
rotation B^'^'^\ip). In three dimensions, normal forms either reduce to the previ- 
ous ones or preserve null directions. Since we work in non-Lorentzian signature, 



6 



FIGUEROA-O'FARRILL, MADDEN, ROSS, AND SIMON 



Block 


Two-Form 




^634 


B(i'i)(/3) 


/3ei3 


B(2.0)(<p) 


¥"612 


B(l,2) 


ei3 - 634 


5(2,1) 


ei2 - 623 


^(2,2) 


±ei2 + ei3 =F 624 - 634 




±6l2 + 6i3 =F 624 " 634 + /3(6i4 =F 623) 




±612 + 613 T 624 - 634 + ^£'(±612 + 634) 




(p{±ei2 - 634) + /3(ei4 T 623) 


S(2,3) 


612 - 624 + 613 - 634 + 615 - 645 




615 - 635 ± 626 - 646 + ¥'(Tei2 + 634 + 656) 



Table 1. The elementary blocks as two- forms. 



we must distinguish among two different null rotations: a null rotation B^^'^^ in- 
volving two spacclikc directions and a null rotation _B(2,i) involving two timelike 
directions. There are four types of non-trivial four-dimensional elementary blocks: 
a linear combination B^. ' ' of timelike and spacelike null rotations, a deformation 
B^''^\f3) of the latter by the addition of a linear combination of boosts, a different 

(2 2) 

deformation ' {(p) involving the addition of a timelike rotation and a spacelike 

(2 2^ 

rotation, and finally a linear combination ' ' (J3, tp) of two actions involving a 
timelike and spacelike rotation with parameter Lp (up to signs) on one side and a 
linear combination of boosts on the other side. There is only one five-dimensional 
elementary block, B'^'^'^\ which can be interpreted as the linear combination of a 
timelike null rotation and two spacelike null rotations sharing the time direction 
and one of the spacelike directions. The last elementary block, B^''^\ip>), appears 
in six dimensions, and it consists of a double spacclike null rotation acting on or- 
thogonal subspaces, deformed by a simultaneous rotation in the plane formed by 
the two timelike directions and two orthogonal spacelike planes. 

Let us remark the appearance of pairs of elementary blocks with or 

without parameter, in the classification in table 1. It can be checked that one 
element of the pair is always mapped into the other by an orientation-reversing 
transformation. Therefore, no classification based on the isomctry group 0(2, p) 
can distinguish between these objects. Analogously, orientation-reversing transfor- 
mations act nontrivially in the parameters (/?, ip) in those elementary blocks which 
do not come in pairs, allowing us to restrict their range. In this section, we shall 
follow the S0(2,p) classification (unless otherwise stated), but in the rest of the 
paper, when discussing the geometrical interpretation of the different discrete quo- 
tients, we shall omit these distinctions. This is because the metric in AdSp+i is 
invariant under orientation reversing transformations, therefore the geometry itself 
will not change among the members of the pair. The distinction will arise in the 
sign of the fluxes that stabilise the classical conflgurations: the members of a pair 
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will have opposite sign fluxes. This fact can certainly have consequences concerning 
the supersymmetry preserved by the members of the pair. 

The small number of elementary blocks notwithstanding, the taxonomy of in- 
equivalent discrete quotients increases quickly with dimension due to the possibil- 
ity of combining the action of different blocks acting in orthogonal subspaces of 
R'^'P. Lack of spacetime prevents us from discussing all possible quotients in detail. 
There are several criteria which we could employ to narrow our choice of quotients. 
For example, we could focus on supersymmetric quotients, everywhere-spacelike 
and non-singular quotients, etc. Our primary criterion will be that a quotient 
should have a well-behaved causal structure: our subsequent discussion will focus 
on those discrete quotients that are either free of closed timelike curves, or in which 
the closed timclikc curves are 'expungeable', in the sense that a spacetime free of 
closed timelikc ciirvos can be obtained by quoticnting only part of AdS, and that 
the boundary so introduced lies behind a horizon. In the latter case, the resulting 
causally well-behaved singular spacetime is interpreted as an analogue of a black 
hole, following [36,37]. 

The causal properties of the quotient arc determined primarily by the norm of 
the Killing vector field generating it. It is therefore important to study the norm 
of the Killing vectors associated with the two-forms listed in Table 1. These are 
given in Table 2, where the following notation is used. We write explicitly the 
coordinates Xi of the subspace W C R^'^ on which the elementary blocks act non- 
trivially and write x± for the coordinates of the perpendicular subspace W^. The 
norm is defined on the quadric (2.1), but can be pulled back to functions on AdS 
which are invariant under the deck transformations generated by the fundamental 
group of the quadric. 



Block 


Norm 




(^2 {xl + xl) 


B(i'i)(/3) 


/?2 (ii2+||^^||2_^2) 


5(1,2) 


{Xl + Xif 


5(2.0) 


-^2 {R^+\\x^f) 


B(2,l) 


-(xi +Xzf 


_g(2,2) 







/S" (i?" + + 4/3 (Xi + X4)(X3 ± X2) 




-¥=2 (i?2 + llx^f) + 2<p ((Xi + X^f + (X3 ± X2f) 




(/32 - ^2)(^2 ^ ||^^||2-) _ (^^^3 ^ ^2^^) 


B(2-3) 


{X4, - X{f -A{X2+ X3) X5 




-^2 (ij2 + 11^^ ||2-, + (^^ _ ^3)2 + (^^ ^ ^^)2 

-4y ( (x.i -\- .1:2) j::> + (.J-i - .r(i) 



Table 2. The elementary blocks and their norms. 



We can see from Table 2 that some Killing vectors are timelike in some regions of 
AdS, leading to closed timelike curves in the associated discrete quotients. Indeed, 
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we see that for S(2.o)(^), ^(2,1)^ Bf^\l3), Bf'^\l3,ip), B^^^^l B'i'^\ip) 

( 2 2') f 2 2) 

and Bj_' '{ip < 0), the norm is not bounded below. For B^.' '{cp > 0), the norm 
can be negative, but is bounded from below; whereas for B^°''^\ip) and B^^'^^ and 
B^'^^ the norm is always non-negative. 

The Killing vector ^ which generates the quotient will be the sum of such elemen- 
tary blocks and its norm on AdS will influence the causal structure of the quotient. 
We therefore consider the possible endomorphisms in signature {2,p) that can be 
constructed from elementary blocks acting in orthogonal subspaces. In Tables 3, 4 
and 5 we classify them in terms of the norms of the associated Killing vectors in 
AdS. It should be stressed that even though we used the notation adapted to an 
S0(2,p) classification, we have not constrained the range of the different parame- 
ters appearing in these endomorphisms. For a complete discussion concerning these 
constraints, we refer the reader to [54]. 

Endomorphism 

B(i^i)(/3i)©i?(i'i)(/32)©iB(°'')(¥'i) if |/3i| = |/32|>0 

5(1,2) ®,.B(0,2)(^^) 
5(1,2) ^ 5(1,2) 

Table 3. Killing vectors with everjrwhere non- negative norm 



Endomorphism 






if p is even and \(pi\ 


> > for all i 






if kil > \v\>Ofor 


all i 



Table 4. Killing vectors allowing negative norm but bounded below 



The quotients generated by the Killing vectors in Table 5 clearly contain closed 
timelike curves corresponding to the very orbits of the Killing vector in regions 
where it is timelike. Furthermore, even when we consider quotients of AdSp+i x 
by adding a nontrivial action on the sphere, the resulting Killing vector will still be 
timelike somewhere, so the quotients will still have closed timelike curves. Therefore 
the only way in which these quotients will enter into our discussion is in asking 
whether any of them lead to 'black hole' spacetimes. We shall discuss this issue in 
Section 5. 

The quotients generated by the Killing vectors in Table 4 also clearly contain 
closed timelikc curves. This time however the Killing vector can be made every- 
where spacelike by adding a suitable action on an odd-dimensional sphere. However, 
we will show in the next section that this is not sufficient to ensure the absence of 
closed timclike curves. Therefore the quotients of AdSp+i x S"^ associated to the 
Killing vectors in this table will not lead to causally regular quotients either. In 
summary, the only quotients we will consider in Section 4, where we discuss causally 
non-singular quotients, are those in Table 3. 
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Endomorphism 
eB(i'i)(/32) ®i -B(0'2)(^i) unless |/3i| = |/32| > 

5(1,2)^ 5(1,1) (^^ ^. 5(0,2) (^.) 

^(2.0)^^^ 0. B^^''^\ipi) unless p is even and \ipi\ > \ip\ for all i 

5(2,1) ^. 5(0,2) 

©J B'-°'^\(pi) unless \<fi\><f>0 for all i 
Table 5. Killing vectors with norm unbounded below 



2.3. Infinitesimal isometries of spheres. Here we set up the notation to de- 
scribe the Killing vectors on spheres. For this purpose, we find convenient to 
identiiy the g-sphere of radius R with the quadric traced by 

Y.^l = R' (2.3) 

i=l 

in IR3+^. This has the virtue that the isometry group of the quadric, 0{q + l) acts 
linearly in the ambient euclidean space. As we did for AdSp+i, we shall restrict 
this group to the subgroup SO(g + 1) which preserves the orientation. 

The conjugacy theorem for Cartan subalgebras of so{q + 1) allows us to bring 
any Killing vector ^5 on to the form 

r 
i=l 

where r = [^^J, Rij stands for a rotation in the ij-plane and the 9i are real 
parameters specifying the rotation angles. This still leaves the freedom to conjugate 
by the Weyl group, which we can fix by arranging the parameters in such a way 
that 

For odd-dimensional spheres. Killing vectors with all 0i are everywhere nonva- 
nishing, whereas in even- dimensional spheres every vector field, Killing or not, has 
a zero. 

It will be convenient in what follows to construct a coordinate system for S'^ 
adapted to a given Killing vector ^5; that is, one in which ^5 = d^. Let us describe 
in detail the case of even-dimensional spheres. First, rewrite (2.3) as 



r 

Y.\Z^\^ + {,X2r+lf = , 
i=l 



(2.5) 
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in which we introduce r complex coordinates for the two-planes where the action 
of (2.4) may be non-trivial. A natural way to solve (2.5) is by 

X2r+1 = R cos 6 

Zi = R sine Pi e''^' where ^ ^ 1 . '■^"^^ 
It is clear that in coordinates {9,pi,(pi}, 

r 

i=l 

whence by a linear transformation in the space {<^i} we can rewrite as d^. 
Indeed, assume 6\ ^ 0, and consider 

^ = '"^^\ (2.7) 
<Pi = 'Pi - 6i6i ipi i = 2,...,r. 

By construction, ^5 becomes 9^,. 

The case of odd-dimensional spheres follows formally from the above by setting 
6 = n/2 in the above expressions. 

2.4. Spin structures and supersymmetry. A supergravity background must 

admit a spin structure, since the fcrmionic fields, although set to zero in a classical 
background, and the supersymmetry parameters are sections of (possibly twisted) 
spinor bundles. This is not necessarily the case in string/M-theory as the phe- 
nomenon of 'supersymmetry without supersymmetry' illustrates [66,67,68]. This 
has been recently discussed in [69] and in the present context of quotients in [54]. 
We will add nothing to this discussion here. Indeed, as in [54], we will adopt a 
conservative point of view and require the underlying spacctimc of a supergravity 
background to be spin and will only consider supersymmetries which are realised 
geometrically as Killing spinors. 

A natural question in this context is then the following. Let (M, g, ■ ■ ■) be a 
supergravity background with (M, g) a Lorentzian spin manifold and F a discrete 
(cyclic) group of orientation-preserving isometrics acting freely and properly dis- 
continuously on M (so that the quotient M /T is smooth). When will M /F be spin? 
Furthermore, if (M, g, ■ ■ ■) is a supersymmetric background, how much supersym- 
metry (if any at all) will the quotient preserve? These questions were answered 
in [54] for the case of F a one-parameter group: in principle for an arbitrary back- 
ground, and explicitly for Freund-Rubin backgrounds of the form AdSp+i x S'. 

If F is a one-parameter group of isometrics (hence automatically orientation- 
preserving) acting freely on a spin manifold M with smooth quotient M /F, then 
M/F is spin if and only if the action of F on the bundle Pso(-^) of oriented 
orthonormal frames lifts to an action on the spin bundle Pspin(-^) in such a way 
that the natural surjection 

e : Pspin(M) ^ Pso(M) 
is F-equi variant. In this case, the spin bundle Pspin(-^/F) on the quotient is given 

by 

Pspin(M/F) := Pspi„(M)/r . 
Indeed, equivariance guarantees that this bundle covers 

Pso(M/F) := Pso(M)/F 

twice and agrees fibrewise with the spin cover of the special orthogonal group. 

The same is true for F a discrete group acting freely and properly discontinuously 
on a spin manifold M. For a general spin manifold M, it is not easy to determine 
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when the action of F on Pso{M) hfts equivariantly to the spin bundle; however, as 
explained in [54], for backgrounds of the form 

M = AdSp+i X S« 

we fare much better. Indeed, for this geometry the criterion for the existence of a 
spin structure in M/T translates into a simple calculation in a Clifford algebra. 

For simplicity we will consider discrete cyclic groups generated by an element 7 
in the image of the exponential map cxp : q ^ G between the the Lie algebra and 
Lie group of (orientation-preserving) isometrics of M; that is, 

7 = exp{eX) 

for some X G g and some i > 0. Then T acts on the (unique) spin bundle on 
AdSp+i X if and only if F embeds isomorphically in Spin(2,p) x^^ Spin(<7 + 1) C 
C£{2,p + q + 1). Since F is generated by 7, this is a simple criterion: does there 
exist 

7 G Spin(2, p) X Z2 Spm{q + 1) C Ci{2, p + q+1) 

which lifts 7 and which has the same order? 

The element 7 has two possible lifts ±7. If 7 has infinite order, so that F = Z, 
then so does 7 and thus it also generates a group F = Z which therefore covers F 
isomorphically. Therefore, if F = Z, the quotient 

(AdSj,+ixS'')/F 

is spin. 

Now suppose that 7 has finite order A''. Then all we know is that (±7)^ covers 
the identity, whence 

(±7)^ = ±1 , 

and the question is whether there exists a choice of lift such that (±7)^ = 1. 

Clearly if N is odd, then either (7)^ = 1 or (-7)^ = 1, whence if F ^ Zjv, A'' 
odd, the quotient is spin. 

The only possible obstruction arises when N is even. In this case the choice of 
lift is immaterial and either 7^ = 1 or 7^ = — 1 and one needs to do a calculation 
to settle this issue. 

This obstruction arises only if 7 = exp(^A) for ^ > and 



X = (^1634 + • • • + fre2r+l,2r+2 + ^^1-^12 + ' ' ' + 9sR2s-l 



2s 



where r = [^2^ J and s = [^y'"]- T ~ exjp{£X). Then 7 has order A^ if and 
only if 

^fi = and i0j = — ^ , 

where rii, rrij are integers with 

gcd(ni, . . . ,nr,mi, . . . ,m,,) = 1 . 

This last condition ensures that the order of 7 is precisely A^ and not a smaller 
divisor. Let 7^ and F, be the gamma matrices for C£{2,p) and C£(g+1), respectively, 
embedded in 

Ci{2,p + q+1)^ Gi{2,p)^G£{q + 1) , 
where (g) denotes the Z2-graded tensor product. Then the two lifts of 7 in 
Spin(2,p) Xz, Spin(9 + 1) C C£{2,p + q + 1) 
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are given by ±7, where 

~ ^Vi . (-VA ^^r 

7 = 1 cos -— + 734 Sin -— • • • 1 cos -— + 72r+l,2r+2 Sin ■ 



2 ■ ,0, — 2 y y 2 '--r-.-T- — 2 

X ( 1 cos — + sm — 1 • • • ( 1 cos — + T2s-i,2s sm — 



whence 

7^ = ( 1 cos — 2^ + 734 sin — ^ j • • • cos + 72r+i,2r+2 sin 2 

/ NtOi N£0i\ / N£9s N£es\ 

X 11 cos — h sm I • • • I 1 cos — h r2s_l,2s sm I . 

Using now that N£(pi = 2Tmi and N£6j = 2^171 j, this evaluates to 

~N _ ^_-^yilA hrir+nilH hm,, ^ 

Therefore we conclude that when T = Z^, N even, the quotient is spin if and only 
if 

rii + is even. 

i=i j=i 

3. Causal properties of AdSp+i quotients and their deformations 

In Section 2.2 we reviewed the classification of one-parameter subgroups of isome- 
trics of AdSp+i. We divided these into three different subsets according to whether 

• the norm of the associated Killing vector field is non- negative (Table 3); 

• the norm can take negative values, but is bounded below (Table 4); and 

• the norm can take arbitrarily negative values (Table 5). 

As explained above, this distinction is important in the context of Freund-Rubin 
backgrounds of the form AdSp+i x S^, since the spherical component of the Killing 
vector can in some cases render its norm positive everywhere. Indeed, odd- dimensional 
spheres admit Killing vectors whose norm is pinched away from zero, whence the 
total Killing vector 

C = adS+^s (3.1) 
may be spacclikc even if ^Ads is not. This can only happen if the norm of ^AdS is 
bounded below, since the norm of is bounded above by compactness of S"^ . 

In this section, we will explain in detail the connection between this classification 
and the appearance of closed timelike curves in quotients involving these Killing 
vectors. 

If we were just considering quotients of AdS, of course, the connection would be 
immediate. Indeed, the quotient consists in identifying points which arc obtained 
by flowing along the integral curves of ^AdS for some time £ > 0. Let ^AdS be 
timelike in a nonempty region D c AdSp+i and let x G £>. Since the norm of ^AdS 
is constant along its integral curves, the integral curve passing through x is timclike 
and hence lies in D. Therefore the point 7 • x is also in D and the segment of the 
integral curve from x to 7 • x becomes, in the quotient, a closed timelike curve. A 
similar argument shows that the quotient has closed null curves in the region of 
AdS /r where ^AdS is null. 

The situation for quotients of AdSp+i x S' is similar. Indeed, the same argument 
as for quotients of AdS shows that if ^ = ^Ads + is not everywhere spacelike, 
then any associated discrete cyclic quotient will have closed causal curves. 

How about if ^ is everywhere spacelike? The property of being spacelike ev- 
erywhere is a necessary condition for the absence of closed causal curves, but it is 
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certainly not sufficient (see [70] for another example where it fails to be sufficient 
and a statement of a sufficient condition, and [71] for a discussion on this topic 
and its relation with U-duality). Indeed, we will show presently that even when 
^ is everywhere spacelike, if ^AdS is timelike in some region D C AdSp+i, then 
any discrete cyclic quotient associated to ^ = ^AdS + Cs will have closed timelike 
curves in the region (D x S'')/r of the quotient. The key point in the argument is 
to exploit the fact that the sphere has bounded diameter in order to construct a 
timelike curve between two points identified by the action of T which, as in [70], is 
different from the integral curve of ^. 

Let us first illustrate this construction with a simple example, which is depicted 
in Figure 1. 








Figure 1. Closed timelike curve in a discrete quotient of the 

Lorcntzian cylinder. The dotted lines represent the "lightconcs" 
at X and at 7''^ • x. Notice that although the orbit of ^ is spacelike, 
the straight line between x and 7^ • x is timelike. 

Let C = (IR/27rZ) x IR denote a Lorentzian cylinder coordinatised by {0,t) and 
flat metric dO^ — dr^ . Let ^ = do + adr be a spacelike Killing vector, so that < 1. 
The integral curve of ^ through a point (^0, To) is the curve 

t^{eo+ 1, TO + at) . 

Let us define an action of Z on C, generated by the operation of flowing along the 
integral curves of ^ for a time £ > 0: 

(61, r) ^ {9 + (.,T + at) . 

Consider the two points {0,t) and {0 + N(i,T + aN£), which are identified in the 
quotient C/Z. The geodesic joining this point to {6, r) is the straight line 

{[e + tNl],T + aNl) , 

where [— ] denotes the residue modulo 27r. The norm of the velocity of this curve is 
therefore 

[N£]^ - N'^a^f- < 47r2 - N^a^i^ , 

which is clearly negative for A'' large enough. This curve is therefore a closed 
timelike curve in the quotient C/Z. 
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Now let US go back to the general case. Let 7 = exp{£X) for some X & q and 
^ > 0, and let ^ = ^AdS + & be the Killing vector corresponding to X, with ^AdS 
timelike in some nonempty region D C AdSp+i. Let x £ D x S"^. Since the norms 
of each component ^AdS and are separately conserved along the integral curves 
of 5, these belong to D x S', and hence so does 7 • x. For those Killing vectors with 
AdS component in Table 4, the associated discrete cyclic groups F have infinite 
order, so we can consider points x and 7^ • x for N arbitrarily large, which will 
give rise to the same point in the quotient. We will construct a curve 



between c(0) ^ x = {xAdS, xs) and c{Nt) = ■^^ ■ x = {{'y^ ■ a;)AdS, (7^ • x)s) which 
will be timelike for N sufficiently large and hence becomes a closed timelike curve 
in the quotient. 

The curve c is uniquely specified by its two components: CAdS on AdSp+i and cs 
on S"^. We will take CAdS to be the integral curve of ^AdSj and cs to be a minimum- 
length geodesic between xs and (7^ ■x)s- Let L denote the diameter of the sphere; 
that is, the supremum of the geodesic distances between any two points. Then the 
arc-length along cs satisfies 



where the equality is because ||cs || is constant along cs and the inequality is because 
Cs is length-minimising. Therefore, 



which is negative in D x for N large enough. 

Let us remark that this argument applies to any Freund-Rubin background of 
the form AdS xN, 01 more generally M x N, with M Lorentzian admitting such 
isometries, at least when N is complete. Indeed, the supergravity equations of 
motion force N to be Einstein with positive scalar curvature. By the Bonnet- 
Myers's theorem (see, e.g., [72, Section 9.3]), if N is complete, then it has bounded 
diameter. 

This leaves the cases in Table 3, where the AdS Killing vector is nowhere timclikc. 
It is clear that the above argument for closed timelike curves fails in this case. One 
should note that this still does not directly imply the absence of closed timelike 
curves; however, we will sec in the next section that there are in fact no closed 
timelike curves in any of these cases. 

We should also note that in the cases where the Killing vector is null somewhere. 



namely ®iB^°''^^ipi), B^^'^) Si B^°''^\ipi) and B^^'^^ B^°''^^ipi), we can use a 



similar argument to see that some quotients of AdSp+i x S^ still produce closed 
causal curves. The point is that if we choose i such that exp{£Xs) e SO{q + 1) 
has order N, then x and x' = ■ x can be null separated, as Xg = xs, and the 
separation in the AdS factor is null if ||^Ads|| = at x. Physically, this corresponds 
to deforming by a rotation with rational angles on S^. 

Clearly, however, deformations for which 7s does not have finite order do exist, 
and will not lead to closed causal curves by any of our arguments above. Hence, 
we should discuss all the cases listed in Table 3 in the next section, as they can all 
give rise to causally non-singular quotients. 



c : [0, Ni] AdSp+i x S« 




||c||^ = llcAdsll^ + ||cs||^ < llCAdsll^ + 



4. Causally non-singular quotients 



In this section, we shall discuss in detail the geometry of the discrete quotients 
that are free of closed causal curves. These are based on the two-forms listed in 
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table 3, conveniently deformed when necessary by some non-trivial action on an 
odd sphere leaving no invariant directions, so that the full Killing vector field (3.1) 
is spacelike everywhere. 

Before initiating such a task, we would like to comment on the general philosophy 
that we shall apply in each of the particular geometries to be discussed. Just by 
inspection of table 3, we know that given any two- form in that list, we can study the 
geometry of the corresponding discrete quotient in different dimensional AdS space- 
times, starting with the minimal (n, m) signature in the embedding space |R("'"*) 
that allows the action of the corresponding decomposable block. Besides that, we 
can also study further deformations on the sphere sector of the discrete quotient. 
It is therefore natural to start our analysis in the lowest dimensional AdSp+i x S'^ 
spacetime allowing our causally non-singular quotients, and afterwards, extend such 
an analysis to higher dimensions. 

This latter extension is entirely straightforward. Indeed, given some adapted 
coordinate system describing the action of ^Ads in AdS„+i, it is very simple to 
construct an adapted coordinate system describing the action of the same Killing 
vector field in AdSp+i with p > n. This is just obtained by considering the standard 
AdS„+i foliation of AdSp+i given in terms of the embedding coordinates by^ 

= cosh Yx^ i = 1, . . . ,n + 2 

(4.1) 

a;™ = sinh x x"^ m — 1, . . .p — n 

where x is non-compact and {x*} satisfy the quadric defining relation giving rise to 
AdSp+i, whereas {x™} parametrise an s^'~"~-^ sphere of unit radius. For p = n+1, 
the range of x is given by — oc < x. < +oo, whereas for p — n > 2, it is simply 
given by X > 0. The metric description of AdSp+i in the AdS„+i foliation defined 
in (4.1) is 

5AdSp+i = (coshx)^5Ads„+i + {dxf + (sinhx)^ 5sf— i • (4-2) 

The foliation given by (4.2) also gives us an interesting description of the asymp- 
totic boundary. If we assume p — n > 2, taking the limit x ^ oo and conformally 
rescaling by a factor of e~^^, we can describe the asymptotic boundary in terms of 
an AdS„+i X S^'"""^ metric,^ 

go = ^AdSn+i + ^Sf-"-! • (4-3) 

To see the relation of this coordinate system to the usual Einstein static universe 
description of the conformal boundary, let us write the AdS„+i metric in global 
coordinates, 

^AdSn+i = - cosh^ pdf + dp^ + sinh^ p^igr.-! . (4.4) 
Then defining cos^ = 1/ coshp, we can rewrite (4.3) as 

9d = —^{-dt^ + de^ + sin^ Og^^-i + cos^ eqsP-^-i). (4.5) 
cos^ 

This shows that the metric in (4.3) is indeed conformal to the Einstein static uni- 
verse metric on IR x S^~^, where we are writing the S^~^ as an s^~"~^ fibred over 
an S". The coordinates of (4.3) cover all of the Einstein static universe apart from 
the IR X S"~^ submanifold where cos^ = 0, which is conformally rescaled to become 
the boundary of the AdS„+i factor in (4.3). 

■^In the following, we shall set the radius of curvature R to one. 

*For p — n = 1, we would have — oo < x < tx>, and conformally rescaling by a factor of e~'^M 
as we take the limit |x| —* oo, we would get a description of the boundary in terms of two AdSp 
patches, each covering one of the hemispheres of the S^~^ in the usual Einstein static universe 
R X S^~^ description of the boundary of AdSp+i. 
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If there is a global adapted coordinate system for the action of ^AdS on AdS„+i, 
we can use the above foliation to construct an adapted coordinate system for the 
action on AdSp+i. If we deform the action by B'-^'^\ipi) blocks, these will act as 
rotations of the qp~"~^ factor in the above foliation. 

When we consider the deformation of our AdS quotient by some non-trivial 
action on the transverse sphere, wc have two approaches to the construction of 
an overall adapted coordinate such that the total Killing vector ^ = dy, for some 
coordinate ip. In most of the cases we consider^, there is a globally well-defined 
adapted coordinate on AdSp+i such that ^Ads = dip- As noted in Section 2.3, there 
is always a global adapted coordinate system for the Killing vectors in the sphere, 
in which acts by a simple "translation", i.e. =9^- Consequently, the full 
generator of the discrete quotient is 

C = 5^+75v> (4-6) 

By a linear transformation, ip = <f),ip' = ip — jcf), we are able to write ^ = dip. 
This coordinate system is very convenient for studying the causal structure and 
asymptotic structure of the resulting quotient, so this is the technique we shall 
mostly employ. 

Unfortunately, there are examples where there is no such global adapted coor- 
dinate system on AdS. The example of this type we shall be concerned with is the 
quotient by a Killing vector with a single _B*^^'^) block. In this case, we need to use 
a different technique, exploiting the existence of adapted coordinates on the sphere. 
The full Killing vector field (3.1) can always be written as 

e = a^+ads. (4.7) 

We can therefore write ^ as a dressed version of its "translation" component ac- 
cording to 

^ = Ud^U-^ where U = exp (- V ^Ads) • (4.8) 

Consequently, if the original coordinate system was given by {ip, z^}, where 2;' stand 
for all the remaining coordinates describing the manifold AdSp+i x S', it is natural 
to change coordinates to an adapted coordinate system defined by 

y^Uz, (4.9) 

which indeed satisfies the property = 0, so that {y'} are good coordinates for 
the space of orbits. Equivalently, ^ = in the coordinates (4.9). Thus, we obtain 
an adapted coordinate system on the full quotient for any AdS Killing vector. For 
the case at hand, we split the coordinates {z'} appearing in the above discussion 
into {2;'} = {(fii,x}, where {;r} stand for the embedding coordinates of AdSp+i in 
R^'P. Since ^AdS is a Lorentz transformation in R^'^, its action on x can be defined 

by 

Udsx = Bx, (4.10) 
where B is a (p + 2) x {p + 2) constant matrix. Thus, y{tp, x) = e^"^ ^ x, so that 

dx = e^^ {dy + Bydijj) . (4.11) 

One can now compute the metric in adapted coordinates {ip,(pi,y}. This can be 
written as 

9=\M? (c?^ + 5i)'+S + 5AdS,+x+2dV'-ads + ||adsf , (4.12) 



'The only exceptions are where the AdS KiUing vector has fixed points. 
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where the first two terms are just describing the metric on in the adapted 
coordinate system introduced in Section 2.3, and ^AdS stands for the one- 

form associated with the Killing vector ^AdSi that is, 

^Ads = vAs dy" = Vij {B ■ vY df . (4.13) 

After these general considerations, we shall now proceed to discuss the different 
geometries that appear in these discrete quotients of AdSp+i x S^. 

4.1. Non-every where spacelike ^AdS- Let us first discuss the three cases in 
which ^AdS is not always spacelike. The first of these is where the two-form is 
Q)iB^^'^'> (ifii), corresponding to the quotient of AdSp+i by some combination of 
rotations in orthogonal two-planes in the embedding space. These quotients 
produce special cases of the conical defects, which were discussed extensively in, 
for example [73] . An interesting discussion of the properties of the supcrsymmetric 
orbifolds in string theory is also given in [74,75]. We will not discuss this case 
further here, except to note that it is for these quotients where the existence of a 
spin structure is not guaranteed. The condition for the existence of a spin structure 
was stated at the end of Section 2.4. 

To consider the other two cases in Table 3 which are not always spacelike, 
^(1-2) 0. b(o,2)((^.) and B^^'^^ Si B'•"'^^^p^), we follow our general strategy, and 
start by describing the action of B^^'^) or in AdSs. The action of a more 

general Killing vector of this form on AdS^+i can then be built up by considering the 
AdSs action deformed by the rotations B^^''^\ipi) on the S^"^ in the AdSs x S^"^ 
foliation of (4.2). We will then add in the deformation on a transverse sphere S^ 
to obtain an everywhere spacelike quotient. 

For the quotient of AdSs by B^^'^\ the relevant Killing vector is 

^Ads = ei3 - 634. (4.14) 

This Killing vector is spacelike almost everywhere, ||CAds||^ = {xi +X4Y. There 
is a single other Killing vector in so(2, 2) which commutes with this one, ^1 = 
ei2 — 624. It has norm [|^i||^ = —{xi + ^4)^. The most convenient coordinate 
system for studying this quotient is Poincare coordinates. The form of the Killing 
vectors in Poincare coordinates is reviewed in appendix A. It is easy to see from 
those expressions that in the case of B^^''^\ we can orient the coordinates so that 
^AdS = dx and ^1 = dt, where the AdSs metric in Poincare coordinates is 

ffAdSa = ^ {-dt'^ + dz^ + dx'^) . (4.15) 

We see that the effect of the quotient is simply to make the coordinate x periodic. 
The Killing vector ^AdS becomes null on the Poincare horizon ^; = 00 where this 
coordinate system breaks down. In terms of the embedding coordinates, this is 
the surface xi + X4, = 0, where ^AdS = X3{di — 84). We note that this symmetry 
has a null line of fixed points at xi -|- X4 = X3 = (parametrised by xi — X4). 
Away from the fixed points, the identification along ^Ads will generate closed null 
curves in the Poincare horizon. These can be eliminated by deforming this quotient 
by a suitable action on an odd-dimensional sphere. Since we do not have a good 
global coordinate system on this quotient, the best way to describe the causally 
regular deformed quotient will be to use the coordinates adapted to the action on 
the transverse sphere, as described at the end of the last subsection. We will not 
give the details of the application of this general technique for this particular case; 
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B 



(4.16) 



we just remark that for this case, the matrix B defined in (4.10) is 

/ -1 0\ 


-10 1 
\ 0-10/ 

Following the supersymmetry analysis in [54], it is easy to conclude that for a 
suitable choice of sphere deformation, the above quotient preserves v = j oi the 
vacuum supersymmetry, that is, it has four supercharges. 

For the case where we introduce a deformation on a transverse S^, we can inter- 
pret the quotient as the near horizon geometry of a D1-D5 system that has been 
quotiented by the action generated by 

i, dx + Oi Ri2 + 62 i?34 , 

in which x stands for the common direction shared by the D1-D5 system, and Rij 
stand for rotations transverse to the Dl-D5's. In the language developed in [64,65], 
this asymptoticaUy flat spacetime would correspond to a D1-D5 system in a generic 
intersection of flux 7-branes vacuum. Whenever 9i = ±62, it would be interpreted 
as a D1-D5 system in the flux 5-brane vacuum, which also has four supercharges. 
Note that the standard supersymmetry enhancement due to the near horizon limit is 
lost in this quotient, as the generator dx, which does not break any supersymmetry 
in the asymptotically flat spacetime construction, becomes a null rotation generator 
from the AdS perspective, which breaks one half of the supersymmetry. 

We would also like to understand the boundary of this quotient. In the Poincare 
coordinates (4.15), the global AdS boundary is written in terms of an infinite series 
of flat space patches, 

gQ = -dt^+dx^. (4.17) 

The action of the Killing vector on the AdS boundary compactifies the spatial 

coordinate x: it might therefore seem that the quotient will have an infinite sequence 
of boundaries. However, the Killing vector only has isolated fixed points on the 
boundary, at the points where the line of fixed points Xi + X4 = X3 = meets 
the boundary. In Poincare coordinates, these correspond to the points at past and 
future timelike infinity and at spacelike infinity. The different boundary patches 
are therefore connected. We can extend the Poincare coordinates to cover more of 
the boundary by defining 

v = t-x,iimT = t. (4.18) 
The boundary metric then becomes 

.gs = — \^{-2dv dT + cos^ Tdv^), (4.19) 

and the Killing vector we quotient along is ^AdS = dy. Since we only have a 
conformal structure on the boundary, we can ignore the overall factor in this metric. 
In the resulting metric, we see that the direction we quotient along is spacelike 
except when T = (n + l/2)7r, where it becomes null. These points correspond to 
one half of future and past null infinity in the original Poincare coordinates. This 
coordinate system covers the whole of the conformal boundary with the exception of 
a null line corresponding to one half of past and future null infinity in each Poincare 
patch. We could construct a similar coordinate system by defining u = t + x — it 
would then cover that half but not the one where t — x remains finite. We can 
think of the field theory dual to the quotient along a null rotation as living on the 
cylindrical space described in (4.19), which has closed null curves at T = (n+l/2)7r.^ 



^There axe some obvious similajrities between this construction and the Milne coordinate system 
on the orbifold of flat space by a boost. 
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Since the deformation by an action on a transverse sphere does not alter the action 
on the boundary, it cannot remove these closed lightlike curves in the dual theory. 

A more interesting example of a not everywhere spacelike quotient is B^.' , 
where the Killing vector we quotient along is 

e^dS = ±(ei2 - £24) + (ei3 - 634) (4.20) 

respectively. Both are null everywhere, H^Adsll^ ~ ^- Fi'oni now on, we shall focus 
on ^AdS' there is an analogous discussion and structure for C^dS- There are three 
other Killing vectors in so(2, 2) commuting with ^AdS' 

Ci = 624 + ei3, 6 = ei2 + 634, ^3 = ei4 - 623 • (4.21) 

These satisfy 

[Cu^j] = 2eijkCk, (4.22) 
so they define an 5l(2, IR) symmetry which commutes with ^Ads- ^his s[(2, R) struc- 
ture appears because when we write so(2, 2) = sl{2, R) © s[(2, R), the B^. ' Killing 
vector lies entirely in one of the s[(2, R) factors. A similar structure will reappear 
for the same reason in our discussion of the self-dual orbifold in section 4.2; it was 
first identified in that context in [41]. 

We would like to adopt a coordinate system adapted to this symmetry. Since 
the do not commute, we can only adapt our coordinates to one of them. We 
note that = H^slP = 1, ||^2|P = —1- Since our interest is in causal structure, 

it seems natural to adapt the coordinates to the timelike vector ^2- We therefore 
want to construct a coordinate system {t, v, p) on AdS3 such that ^AdS ~ 
^2 = dt- This requires 

0, ^-^^-P^ = -2{x' - x\ 



d{x'^ - 


x^) 


dv 




d{x^- 


x'') 


dv 




d{x^ - 


x^) 


dt 




d{x^- 


x^) 


dt 



(4.23) 



dv 

- ^3 _ 2 d{x'^ + X^) _ 3 2 

dt 

I 4 \\ d{x^ + a;^) / 4 I \\ 
= -{x -x), = -(a; ^x). 

A combination which is thus independent of t^v is {x!^ — x^Y + (^^ ~ x^Y . We 
will choose the p coordinate so that this combination is e^^. A suitable coordinate 
system satisfying these criteria and the condition —x\ — x\-\- x\-\- x\ = —1 defining 
the AdSs embedding is 

x"^ — x^ — sint, 

+ = —e~^ sin t — 2ve'' cos t, 

3 , (4-24) 

X - X = e/cost, 

x^ +x^ = -er''cost + 2ve''smt . 
The inverse coordinate transformation is given by 
e^P = {x^ - x^f + (x3 - x^)\ 

tant 



x^ — x^ 



V = e-^P { [(ar^ + x^) + e-^P{x^ - ar^)] ' + [{x^ + x^) + e-^P{x^ ' x')]^} ■ 

(4.25) 
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Since these give finite values of t, v, p for all points in AdSa, this coordinate system 
covers the whole spacetime. In terms of these coordinates, the metric is 

5AdS3 = -dt'^ + dp^ - 2e^''dv dt . (4.26) 

In this coordinate system, the other two Killing vectors are 

^1 = sin 2t dp + cos 2t {dt - e"^^a„), 

^3 = - cos 2t dp + sin 2t {dt - e~'^''dy) 

We see that making identifications along the Killing vector d^ will produce closed 
null curves. To eliminate these closed null curves, we should introduce a deforma- 
tion by a rotation on the transverse sphere. To simplify the discussion, we shall 
work it out explicitly for a transverse S'"*, having in mind the standard way of em- 
bedding AdSa in type IIB string theory, as the near horizon geometry of the D1-D5 
system, giving rise to AdSs x xT*. As discussed in Section 2.3, there are several 
inequivalent quotients that one can take of S^ We will focus on a particular quo- 
tient which preserves supersymmetry, namely the quotient where = d^ when we 
write the S'^ metric as 

ggs = d9^ + dip'^ + dif'^ + 2 cos 20 dijj ■ dif. (4.28) 

Thus, we consider the quotient along a total Killing vector ^ = ^AdS + 7^S = 
dy + jd^p. Since we have a global adapted coordinate system (4.26) on the AdS 
part of the qiiotient, it is convenient to construct the global coordinate system on 
the full AdSa x S'' quotient by defining ^' = — ^v. The six-dimensional metric is 
then 

g = -dt^+dp^-2e'^Pdvdt+de'^ + {di;'+jdvf +d(p^ +2 cos2e {dtp' +-fdv)-d(p. (4.29) 

The quotient is now along ^ = dy. We can see that this is an everywhere spacelike 
direction; = 7^. This is a necessary but not a sufficient condition for the 

absence of closed causal curves, but it is easy to check explicitly that there are no 
closed causal curves in the bulk of the quotient manifold in this case. As shown 
in [54], the corresponding type IIB configuration preserves = | of the vacuum 
supersymmetry, that is, it has four supercharges. It is interesting to point out that 
if we would have considered the action on the three sphere (4.28) generated by 
= d^, the corresponding quotient ^ = ^AdS + would have preserved f = \ 
of the full type IIB supersymmetry. 

f2 2) 

It is interesting to note that, like the null rotation, the B)^ ' ' Killing vector also 

has a simple action in Poincare coordinates. We can orient the coordinates so that 

^AdS = dt + dx in the metric (4.15). The additional symmetry dt — dx that is 

manifest in these coordinates can be written in terms of the s[(2, R) Killing vectors 

(4.21) as the combination ^2 ~ ^i- Although the Poincare coordinates are not a 

global coordinate system for the quotient, they allow us to relate these quotients 

(1 2^ 

and quotients of branes in asymptotically flat spacetimes: the ' ' quotients can 
be understood as the near horizon geometries of a D1-D5 system quotiented by the 
discrete action generated by 

£, = ±dt + d^ + 01 i?i2 + 02 i?34 . (4.30) 

The physical interpretation of these quotients is unclear. They can be supersym- 
metric, and they are free from closed causal curves. It might be possible to give 
them some interpretation using a limiting procedure in which one finally identifies 
bulk points along a "null translation" , by infinitely boosting a spacelike translation. 
In this case, there is still a supersymmetry enhancement since the asymptotically 
flat quotient has four supercharges. 



(4.27) 
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To discuss the conformal boundary of this quotient, we will use a technique that 
will be used again in section 4.3, and relate the spacetime to a plane wave. If we 
set r = e~P, the metric (4.29) becomes 

g = JL [-2dvdt - r'^dt^ + dr^ + r'^{de'^ + (#' + ^dvf + df'^ 

+ 2 cos 26 {dtp' + -,dv) ■ d^p)] . (4.31) 

The conformally related metric in square brackets is a symmetric six-dimensional 
plane wave, written in a polar coordinate system deformed so that dy is a mixture 
of the null translation symmetry of the plane wave and a rotation in the four 
transverse spacelike coordinates. 

The conformal mapping bc;twccn an AdSs x space and a plane wave is implicit 
in previous work [76] which showed that such plane waves can be conformally 
mapped onto the Einstein static universe. That is, since both spaces are conformally 
flat, we would expect them to be conformally related. It is interesting to note the 
relative simplicity of the relation: AdSs xS^ corresponds to the plane wave with 
the axis r = excluded, rescaled by a factor of 

More important for our present purpose is that the Killing vector we wish to 
quotient along, dy, annihilates the conformal factor (as does ^2 = dt), so we can 
use this conformal map to study the boundary of the quotient spacetime, and not 
just to study global AdSa xS*^. Note that unHke the double null rotation in section 
4.3, the other Killing symmetries ^1 and ^2 of this quotient do not also commute 
with the conformal rescaling. They will hence appear as conformal isometries in 
the boundary theory. 

The conformal boundary of the quotient (4.31) lies at r = 0, and has the metric 
(up to conformal transformations) 

gd = -2dvdt. (4.32) 

Since v is periodically identified in the quotient, there is a compact null direction 
through every point in the boundary. As in the null rotation case, these closed 
null curves in the conformal boundary cannot be removed by a sphere deformation. 
This fact can explicitly by checked in (4.29). It is interesting to note that we get 
the same metric on the conformal boundary here as on either of the two boundaries 
in the self-dual orbifold discussed in the next subsection. 

If we regard (4.29) simply as a coordinate system on AdSs xS^, we can relate 
this description of the conformal boundary to the usual two-dimensional IR x 5"'^ 
Einstein static universe boundary of global AdSs xS^. In global coordinates, the 
Killing vector field is given by 

e= (l + cos(r-v3))(a, -a^), (4.33) 

where we are using the global coordinates introduced in appendix A, and further 
writing xs = cos (fi, f 4 = sin ip, so that the metric on the boundary reads 

gg = -dr'^ + dip'^ . (4.34) 

We see that the quotient is along a null direction, and has a single null line of fixed 
points a.t T — If = TT (mod 2tt). While the coordinate system (4.29) covers all of 
global AdSs x^*^, it does not cover all of its conformal boundary, as these symmetry- 
adapted coordinates break down on the fixed points of ^AdS- The coordinates of 
(4.29) cover all of the boundary apart from this null line. They arc related to the 
global description above in the same way that a symmetric plane wave is related 
to the Einstein static universe in higher- dimensional cases [76] (in two dimensions, 
there is no non-trivial plane wave). Thus we see that (4.32) provides a natural 
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description of the asymptotic boundary of the quotient, corresponding to excluding 
these fixed points in discussing the quotient. 

While it is clear that the deformed quotient (4.29) is free of closed causal curves, 
we can show that this quotient does not preserve the stable causality of the orig- 
inal AdSs xS^ space. If we write (4.29) in the form appropriate for Kaluza-Klein 
reduction along v, 

g = -(l+ j-'^e^P)dt^ + dp'^ + de'^ + sin^ 26'#2 + 2-f-'^e'^Pdt{dtp' + cos 20d(p) 

+ {-fdv + dijj' + cos20dip - -i'^e^Pdif, (4.35) 

we see that the lower-dimensional metric obtained by Kaluza-Klcin reduction along 
V will have closed null curves, since the compact circle parametrised by ip' is null. 
This implies that there can be no time function r on AdSs xS^ such that .C^r = 0, 
for if there was, the Kaluza-Klein reduced metric would be stably causal, which 
is inconsistent with the appearance of closed null curves in the latter. Thus, the 
discrete quotient cannot satisfy the condition of [70], and does not preserve stable 
causality. 

Following the discussion around (4.2), it is straightforward to describe the quo- 
tient generated by ^^^g in higher dimensional AdSp+i spaces. By construction, the 
global symmetries of such a higher dimensional quotient will be the ones discussed 
before times SO(p — 2), corresponding to the rotational symmetry transverse to the 
subspace where ^^^g acts. Notice that in this case, the metric on the boundary is 
conformally equivalent to a plane wave metric, 

ga = -2 dv dt - r^df + dr'^ + r^^gp-a . (4.36) 

In higher dimensions, there exists the possibility to deform the quotient by rota- 
tions, i.e. ®iB^^''^\ipi). Let us focus on AdSs, for algebraic simplicity. The metric 
for AdSs in the AdSs foliation adapted to the action of ^^^g is given by 

5AdS5 = cosh^ X {-dt^ + dp^ - 2e^'' dv dt) + dx^ + sinh^ x dO^ • (4.37) 

The deformation consists in acting on the angular direction 6 through the generator 
^ = ifde- Thus, it is convenient to introduce the new coordinate 9' = 9 — ipv, so 
that ^^jg + ^ = dy. The metric on the deformed quotient is 

flAdSs /r = cosh^ X {-dt^ + dp^ - 2e^P dv dt) -|-rfx^ -hsinh^ % {dO' + ipdv)^ , (4.38) 

where, once again, u ~ u -|- 27r. As expected, the periodic coordinate v becomes 

everywhere spacclike except at the fixed point of the deformed action. This is 
just a consequence of the fact that the norm of the deformed Killing vector is 
II^AdS +^11^ = (^^[(a;^)^ -|- (x^)^] = ip'^ sinh^ x, which certainly vanishes at the origin 
of the 56-plane, where the fixed point of ^ lies. 

This particular deformation (tp ^ 0) breaks all the supersymmetry and it can 
be interpreted as the near horizon geometry of a bunch of parallel and coincident 
D3-branes quoticnted by the action of a null translation plus a rotation. It is cer- 
tainly possible to turn on supcrsymmetric deformations in higher dimensional AdS 
spacetimes. In particular, it is possible to consider families of two parameter defor- 
mations corresponding to B^^'^^ipi) ffi i?'-'^'^' (</?2) in AdSy. Whenever ipi = ±ip2, 
the quotient will preserve supersymmetry. The corresponding asymptotically flat 
interpretation would be in terms of parallel and coincident M5-branes quotiented by 
the action of a null translation plus a certain rotation in R^. The supcrsymmetric 
deformation would correspond to the action having an su(2) holonomy. 

4.2. Self-dual orbifolds and their deformations. The fifth two-form appearing 
in table 3, B(1'1)(/3i) B(1'1)(/32) ®i B'^'^''^\ipi) with |/3i| = |/32|, can be interpreted 
as the deformation of the self-dual orbifolds of AdSa, first introduced in [41], and 
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recently discussed in [43]. The norm of ^AdS is spacelike everywhere. Therefore, 
one can study these geometries with or without any further non-trivial action on 

transverse spheres. 

As already indicated above, the minimal dimension where this discrete quotient 
exists is for p = 2, i.e. AdSa. The addition of any rotation parameter Lpi would 
increase this dimension by two. Since the elementary indecomposable block acting 
on AdSa is a linear combination of boosts in R'^'^, this discrete quotient does not 
have an analogue in an asymptotically flat spacetime, in the sense that there is no 
quotient whose near horizon limit gives rise to these self-dual orbifolds. 

The anti-de Sitter action, including the deformation parameters {</?!}, integrates 
to the following IR-action on IR^'^': 



( \ 



X 

y^2^+6 J 



I 



x^ cosh (it ± sinh /3t 
x^ cosh (it + ix'* sinh (it 
x^ cosh (it ± sinh (it 

X 



\ 



cosh (it ± X sinh (it 
cos ipit — x^*"*"^ sin ipit 
\x^*+'' cos ipit + x^'+^ sin ipit J 



Vi 



(4.39) 



where we set (3i = (3 and /32 = ±/?. Notice that the above action is manifestly free 

of fixed points for any value of the boost and rotation parameters {(i, ipi}. 

In the following, we shall review the main features of the self-dual orbifolds of 
AdSa, extending the discussion to uncover their embeddings in higher dimensional 
anti-de Sitter spacetimes and their deformations both by rotations in anti-de Sitter 

and non-trivial actions on transverse spheres, afterwards. 

4.2.1. Pure AdS. Let us start our discussion by focusing on AdSa, so that there are 
no blocks. In this first described in [41] , the quotient preserves an 

IR X 0[(2, R) subalgebra of the original so(2, 2) = s[(2, R) ©s[(2, R) isomctry algebra. 
A suitable system of global coordinates adapted to the quotient and the timelike 
vector in s[(2, R) is [41] 

x^ = cosh z cosh cos t — sinh z sinh /30 sin t, 

x^ = cosh z cosh 36 sin t + sinh z sinh 36 cos t, 

X = — cosh z sinh P(f> cos t + sinh z cosh (i(f> sin t, 

x^ = ± (cosh z sinh (i(( sin t — sinh z cosh (3(j) cos t) . 

The sign ambiguity in the last line of (4.40) corresponds to the two distinct cases 
/32 = ±/3i in the S0(2,n) classification reviewed in section 2.2. This illustrates 
explicitly that these two cases are related by an orientation-reversing symmetry of 
AdSs, namely the reflection .X4 —>■ — X4. It is important to stress that, at this point, 
the coordinates {t, 0, z} arc just some particular global description for AdSs. All 
of them are defined in the range —00 < t,(j),z < +00. It is only when we identify 
points in AdSa along some discrete step generated by ^Ads = 80 that our discrete 
quotients will differ from AdSs globally, by making the adapted coordinate (( a 
compact variable with period 2tt in some normalisation, i.e. (( ^ (j> + 27r. 

As first proved in [41] for AdSs, corroborated in [43] and extended to any higher 
dimensional AdS spacetime in [54] , the supersymmetry preserved by these self-dual 
orbifolds is one-half of the original one. 

The metric in adapted coordinates (4.40) looks like 

= -dt^ + 0^ d(j)'^ + dz^ - 2(3s\uh2zdtd(t> . (4.41) 

Thus, it describes a non-static but stationary spacetime. One interesting feature 
which has not previously been noted is that f is a global time function, since 
V^tVH = — l/cosh^22:, so the self-dual orbifolds are stably causal, and hence 
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do not contain closed timelike curves. This metric can be interpreted as an S 
fibration over AdS2, as the following rewriting indicates 

g^d = - cosh^ 2zdt^ + dz"^ + {/3 dcj) - smh.2z dtf . (4.42) 

This quotient was recently analysed in detail in [43], where its isometrics, geodesies, 
asymptotic structure and holography in this background were extensively studied. 

An important point to note from that analysis is the structure of the conformal 
boundaries. It was shown in [43] that the quotient has two disconnected conformal 
boundaries. If we consider the coordinate transformation 

sinh^; = tan^ ^^(~^'^) ' 
the metric (4.41) becomes 

g^a = (cos^ e(-dt'^ + (3'^ d^^) + de^- 413 sine dtd(l)) , (4.43) 

cos^ 

from which we learn that the metric on both conformal boundaries, located at 
^ — > ±1 is given by 

gQ = ±dtd(f>. (4.44) 

Thus, there are closed lightlike curves on the conformal boundary. The appearance 
of two disconnected boundaries can be further understood by noting that in the 
adapted coordinates (4.40), the original AdSs conformal boundary is covered by 
four connected patches located at z ^ ±oo and (f) — > ±oo. After the discrete 
identification, two of these patc;hcs no longer belong to our space, leaving as a 
consequence, the existence of two boundaries at ^; — > ±oo, being disconnected. 
These boundaries are causally connected through the bulk, as was shown in [43] by 
analysing the geodesies in this space. 

Unlike the previous cases, this quotient has no natural interpretation as arising 
from a quotient of an asymptotically flat spacetime. This is related to the fact 
that the quotient does not take a simple form in Poincare coordinates. However, 
Strominger [77] showed that these self-dual orbifolds emerge as the local description 
of a very-near horizon geometry when focusing on the vicinity of the horizon of an 
extremal BTZ black hole. 

Thus, even though this quotient does not emerge directly from the D1-D5 per- 
spective, it is nevertheless possible to set-up an asymptotically flat spacetime which 
reproduces the self-dual orbifolds in two steps [43] . This is achieved by adding some 
momentum along the common direction shared by the Dl's and D5's, and taking 
the standard near horizon limit, keeping the momentum density fixed. One then 
focuses on the vicinity of the horizon resulting from the previous limit. This pro- 
cedure generalises the construction in [78] to the D1-D5 system, and it provides an 
independent way of understanding the DLCQ holography proposed in [43] . 

Following our general discussion presented at the beginning of section 4, it is 
straightforward to extend the analysis to higher dimensional AdSp+i spaces, for 
p > 3. Indeed, we can use the foliation in (4.1) and replace the {xi} appearing 
there with the R = 1 version of (4.40). The resulting metric is 

Qsdp+i = (coshx)^ gsd + {dxf + (sinhx)^ Qsp-^ ■ (4.45) 

where gad is the metric given in (4.41). 

This allows us to see that in these higher dimensional cases, the boundary of the 
quotient will be connected. The point is that the boundary of the quotient in higher 
dimensions is given in these coordinates by x ^ oo, as discussed earlier. Thus, the 
boundary of the higher-dimensional quotients naturally contains a copy of the bulk 
of the AdSs quotient. Since the AdSs quotient is connected, this implies that the 
boundary of the quotient is connected in higher dimensions. It also shows us that 
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unlike the AdSa case, in higher dimensions there is a natural non-degenerate metric 
on the boundary of the quotient. 

4.2.2. Deformation by B^^'^K Even though we could discuss the turning on of the 

deformation parameters ipi in the general case, wc shall just briefly mention their 
main new features in the string theory embeddings described above. This means 
that we shall concentrate on AdSs and AdSy, since these deformations are not 
available for AdS4. 

This programme is particularly simple to carry on already in the foliation defined 
by (4.1). As previously mentioned, B^^'^\(pi) blocks correspond to rotations in 
planes in the embedding space, and in the coordinates of (4.2), these motions can be 
globally described as a single "translation" along one of the angular variables of the 
S"~^ factor. The definition of the adapted coordinate system in which ®iB^'^'^\ipi) 
takes the form of a single "translation" is precisely parallel to the discussion for the 
transverse given in Section 2.3. 

As an example, consider AdS5. In this case, we can only turn on one parameter, 
(pi = (fi. It is clear that rotations in correspond to motions along the trans- 
verse to the AdSa foliation of AdSs in (4.2), for p — n = 2. If we parameterise this 
circle by 6, the Killing vector field ^AdS generating the full action of the deformed 
discrete quotient is given by 

Uds=d^ + ipd0, (4.46) 

in the adapted coordinates defined by (4.1) and (4.40). 

It is now just a matter of applying a linear transformation in the {0, 6} plane, 
which will generate an extra fibration, to rewrite the metric in a globally defined 
coordinate system adapted to the deformed Killing vector field ^AdS- This metric 
is given by 

g = cosh'^X9sd + dx^ + smh^x{dO + ^d(l>f . (4.47) 
By construction, this deformation will break all the spacctime supersymmetry. 

The techniques for AdSr are exactly the same, but there is a richer structure 
of possibilities since we have an transverse to the AdSa action, which allows to 
turn on two inequivalent parameters {<^i, (^2} 

R12 + <^2 R34 , 

where Rij stands for a rotation generator in the ij-planc belonging to R^, where 
the 3-sphere is embedded as a quadric. Let us describe this 3-sphere in terms of 
standard complex coordinates 

0i=a;i+ia;2 = cos6ie'('^+'^), 

Y/ . (4-48) 

A supersymmetric quotient [54] is given by the choice yi = —ip2 = di. The metric 
describing the global quotient is given by 

flAdSy /r = cosh^x 9 sd + dx^ + sinh^ x (dO'^ + {dip + ei(j)f 

+di)^ + 2 cos 261 {dip + 61 #) ■ #) • (4.49) 

Adding a transverse four-sphere and a constant flux on it, the above configuration 
is supersymmetric. It actually preserves v = ^ of the supersymmetries preserved 
by the original vacuum. Thus, it has sixteen supercharges. It is worthwhile men- 
tioning that the deformation described by pi = —pi docs not break any further 
supersymmetry. It is a further action that we can consider in our spacetime for 
free, supersymmetry wise. Contrary to what intuition may suggest, as explained in 
more detail in [54] , the deformation p\ = p2 breaks all the supersymmetry. 
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4.2.3. Sphere deformations. Let us start our discussion on sphere deformations of 
self-dual orbifolds on the embedding of AdSs xS^ in type IIB. The most general 
action that we can write down on is given in terms of two real parameters 

= Oi Ri2 + 92 R34 . (4.50) 

Because of the freedom that wc have to quotient by the action of the Wcyl group, 
we can always choose to work on the fundamental region defined by 9i > \92\- 

Among all these quotients, only a subset preserve supersymmetry. In particular, 
if wc consider the action generated by 613 ± 624 on AdSs, the only supcrsymmctric 
deformations are given by 9i = ±6*2, the signs being correlated. Interestingly, 
such deformations still preserve the same amount of supersymmetry as the self- 
dual orbifolds themselves. Thus, these supcrsymmctric deformations arc for free, 
as pointed out in [54], where the reader can also find the explanation for this 
phenomenon. 

The discussion proceeds in an analogous way for higher dimensional AdS space- 
times. If we consider the eleven dimensional configuration AdS4 XiS'', their defor- 
mations are characterised by four real numbers 

= 9i R12 + 92 R34 + 9s R56 + 94 R78 ■ (4.51) 

Due to the Weyl group action, we can restrict ourselves to the region defined by 

9i > 02 ^ 9s > \94\. As discussed in [54], there are several loci in this parameter 
space where supersymmetry is allowed. If 9i = 92 and 9^ = —9^ the quotient 
preserves y = \- Whenever one of the relations 

01-^2+^3+^4 = 0, 

9i + 92-93 + 9i = 0, 
9i — 92 — 9^ — 9i = , 

is satisfied, the supersymmetry will he u = |. Finally, there is enhancement when- 
ever 9i = 02 — 9s — —64, giving rise to = |. 

The discussion for AdSs x is fairly simple. The action on the 5-sphere is given 
in terms of three real parameters 

= 9i R12 + 92 R34 + 93 i?56 • (4.52) 

The deformation preserves u = ^ for 9i = 92 and ^3 = 0. It preserves i/ = | if 

6*1 ± f?2 ± 93 = 0; with uncorrelatcd signs. Sec [54] for more details. 

The only supcrsymmctric deformation for AdS 7 xS'^ out of the two parameter 
family 

= 9i R12 + 92 R3i , (4.53) 

is given by 9i =62, also preserving ;y = i. 

As an explicit example of a supcrsymmctric deformation of the self-dual orbifold, 
we shall present one particular example of the above discussion, one embedded in 
AdSs x5'''. More precisely, we shall focus on 61 = 2, O2 = 9s = 1. A simple 
description of this quotient can be obtained by parametrising the 5-sphere in terms 
of the coordinates 

zi=x^ +ix'^ = cos9i e'('^i+2''') 

Z2=x^+ ix'^ = sin 9i cos 92 e'('^+^) (4.54) 
Z3=x^ + ix^ = sin(9i sin 6^2 e'^'^""^) . 

One can check that = 9^. This is an example in which both ^Ads and are 
described in terms of adapted coordinates. Thus, by a simple linear transformation. 
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wc can easily write the fully adapted ten dimensional metric as 

g = cosh^ X9sd+dx^+sinh^ xdO'^+dOf+siia^ 9i dOl+cos^ Oi {dfi + 2{dtp + d(p)f 
+ sin^ 6*1 {{dtj) + d(t>f +d(p^ +2 cos 26*2 (diP + d<j)) ■ ip) . (4.55) 

As can be checked from the review of the results in [54] presented at the begin- 
ning of this subsection, this particular example preserves v = ^ oi the vacuum 
supcrsymmctry. Thus, it has four supercharges. 

Of course, there is no conceptual difficulty in dealing with deformations that 
contain both two forms ®iB^^''^\ipi) on AdS and non- trivial sphere actions. The 
supersymmetric quotients can also be found in [54]. 

4.3. Double null rotation and its deformations. The third two-form appear- 
ing in Table 3, i?^^'^) © jS^^'^) ©j B''^''^\(pi), can be interpreted as a deformation, 
with deformation parameters {</3i}, of the double null rotation discrete quotient 
considered in [42] . Indeed, it consists of the simultaneous action of two spacelike 
null rotations in transverse R^'^ subspaces, and a set of rotations with parameters 
ipi in different transverse planes. Since the norm of ^Ads is positive everywhere, 
even for (pi = OV i, there is no need to deform the previous action by a non-trivial 
one on a transverse sphere to get an everywhere spacelike Killing vector field ^ in 
(3.1). 

The minimal dimension where such an object exists is for p — A, i.e. AdSs, in 
which case there are no B'-°'^\(pi) blocks. The pure double null rotation discrete 
quotient has a very natural interpretation in the Poincare patch: it consists of the 
combined action of a null rotation plus a spacelike translation. Consequently, it has 
a very straightforward origin in terms of the geometry of a bunch of parallel D3- 
branes: the pure double null rotation discrete quotient in AdSs is the near horizon 
geometry corresponding to a bunch of parallel D3-brancs whose worldvolume is the 
nullbrane, i.e. R^'^/Z, four dimensional Minkowski spacetime modded out by the 
simultaneous discrete action of a null rotation in IR^'^ and a spacelike translation 
along R, which was first introduced in [20]. 

The full anti-de Sitter action, including the deformation parameters, integrates 
to the following R-action on R^'^: 
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which is manifestly free of fixed points for any value of the rotation parameters. 

4.3.1. Pure AdS. Let us first consider the pure double null rotation in AdSs. This 
was analysed in [42]. We will extend this analysis by discussing the isometries 
preserved by the quotient, constructing suitable adapted coordinate systems, and 
examining the action on the boundary of AdS. In the process, we will uncover 
interesting relations to compactified plane waves. 
The Killing vector that we quotient along is 

^AdS = ei3 - 634 -I- 625 " 656- (4-57) 

Its norm is |]^Ads||^ = {x\ +Xi)'^ + {x2 + xq)'^. This is clearly positive semidefinite, 
and the quadric —{xi + X4){xi — Xi) — {x2 + x%){x2 — x^) + x%+x1 = —1 defining 
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the AdS embedding constrains the coordinates so that it is positive definite. There 
are four Hnearly independent commuting isometries in 5o(2,4): 

^1 = ei3 - 634 - 625 + 656, 

6 = 615 + 623-636 + 645, 

4.58 

?3 = 612 - 624 + 616 + 646, 
?4 = 635 - ei2 + 646. 

These KiUing vectors have the non-trivial commutation relations 

[6,6] = -26, [6,6] = 26, [6,6] = -26- (4.59) 

They therefore form a Heisenbcrg algebra on which 6 acts as an outer automor- 
phism. The symmetry algebra of the quotient is hence x R) R. The norms 
of the Killing vectors are ||6||' = II6II' = \\Uds\\\ II6II' = 0, ||6||' = -1- 

We want to construct adapted coordinates to describe this quotient; it is conve- 
nient for studying causality to adapt them to ^Ads , 6 ^^id 6 • Let us therefore seek 
to choose coordinates 0, p, 7) so that 6 = dy, 6 = ~dt, and ^AdS = d^- This 
requires 

4 1 6 2 

X ' X ^ — X ~\~X ^ 

0(p 

0, '-i^±^ = -2ix^-x% 

0, ^^^^ = -2ix'-x^), (4-60) 
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^ ~ ^ ' "9^ ~ ~^ • 
There are two quantities independent of {t,v,(j)}: {x^ — x^)"^ + {x^ — x^Y and 
x^ ■ {x^ — x^) — x^ ■ (x^ — x^). We will choose coordinates {p, ip} so that 

{x^~x^f + {x''-x^f = e^P 

x^ ■ (x^ - - x^ ■ {x^ - x^) = ePiP ; ^'^"^^^ 

we must take — 00 < p < 00 and — 00 < '0 < 00 to obtain coordinates that cover 
the whole spacetime. A coordinate system satisfying all these conditions is 

x^ — x^ = sint, 

x^ + x^ = -eP{2(jnp + 2v) cost - {e'P + {ip"^ + ^2)e^) sint, 
x^ — x^ = cos t, 

(4 62) 

x^ + x^ =eP {2(1)^ + 2v) sint -{e-P + {^'^+^^)eP) cost, 
x^ = eP{tp cost + (j) sint), 
x^ = eP{—il) sint + (j) cost) . 
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The AdSs metric in these coordinates is 

5(rf„^ = ^df + dp^ + e^Pidip"^ + #2 - 2dtdv - 4ipdtd(l)), (4.63) 
and the other two Kilhng vectors are 

^1 = — cos 2t {dd, — 2ipdy) + sin 2t dj,, 

(4.64) 

^2 = sin 2t {d^ — 2ipdv) + cos 2t . 

Even though we will not give the explicit details, it is easy to check by working 
out the inverse coordinate transformation that this coordinate system covers the 
whole of AdS. Before any identification, the range of all adapted coordinates is 
non-compact. The double null rotation quotient is simply described by making the 
coordinate cf) compact. 

We would also like to understand the conformal boundary of this quotient. First, 
we should note that even though the quotient is free of fixed points in the bulk, its 
boundary has a continuous line of them. The action generated by B^^'"^^ © 
integrates to the real line, so the only possible fixed points are the ones for which 
^AdS vanishes. These points are given by 

x'^ - = - = = = Q . 

The above docs not belong to AdS5 , since they do not satisfy the quadric equation 
(2.1). This is indeed true for the bulk of AdS (finite non-compact spacelike direction 
in global AdS), but there is a continuous curve of fixed points on an infinite cylinder 
of axis, global time t, and a maximal circle base. To see this, consider the standard 
global description of AdSs, 

x^ = cosh X cos r, 
= cosh X sin r, 
a;' = sinh x i = 3, . . . , 6 , 

where {i'} parametrise a 3-sphere of unit radius. It is easy to see that any solution 
to the fixed point conditions requires x ~* oOj from which we already learn such 
points belong to the boundary of AdSs. It is also clear that ~ = 0. Thus, 
such fixed points belong to a maximal circle in the a;^ — plane. If the angular 
variable describing such a maximal circle is (0 < <^ < 27r), the continuous line of 
fixed points is determined by 

T = (mod 27r) . 

Thus, the action of the quotient is well-defined on the global boundary of AdS 
(i.e., the Einstein static universe) with a single null line deleted. However, we know 
that the Einstein static universe with a null line deleted is conformal to a symmetric 
plane wave [76]. This suggests that the boundary of (4.63) should be described in 
terms of a plane wave. 

(2 2) 

Inspired by this, and the analysis of the B)^' case in section 4.1, let us now 
make a coordinate transformation Z = e^'^ in (4.63). The metric then becomes 

gdnr = -^{-2dtdv - Z'^dt^ + dZ"^ -h + #^ - i'4'dtd(j)), (4.65) 
z 

where < Z < oo covers the whole of AdSs. By rcscaling the metric by a factor of 
Z^, we can conformally map global AdSs into the space with metric 



g = -2dtdv - Z^dt^ + dZ^ + dip^ + dcj)^ - A^jdidcp, (4.66) 
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with the conformal boundary lying at Z = 0. Since ^AdS = d(i> annihilates the 
conformal factor, this embedding commutes with the quotient; we can regard the 
double null rotation as conformally embedded in (4.66) with (j) compactified7 

Now, the space (4.66) is simply a symmetric plane wave. This can be made 
obvious by making the further coordinate transformation^ 

V = v + 'ip^, 
U = t, 

X = ijj COS t + (f) sin t, i'^-^'^) 

Y = —ip siut + (j) cos t, 
under which the metric becomes 

g = -2dUdV - (X^ +Y'^ + Z^)dU'^ + dX^ + dV^ + dZ'^. (4.68) 

This provides an interesting alternative description of the double null rotation, of 
interest independent of the question of the conformal boundary. As in section 4.1, 
this relation between the symmetric plane wave and AdS is anticipated by previous 
work, since they are both conformally flat spaces and hence conformally embedded 
in the Einstein static universe. We see also that AdS covers the half of the plane 
wave at Z > 0, as we would expect, since it covers half the Einstein static universe. 
What is remarkable is that the isometry we want to quotient along commutes with 
the conformal rcscaling, as noted above. In fact, not only docs it do so; all the 
unbroken symmetries of the double null rotation also do so, since they do not 
involve dp. Thus, they are all symmetries of the conformally related plane wave 
metric (4.68). If we introduce the usual basis for the Killing vectors of the plane 
wave, 

^e, = - cos Udxi + sin Udy, 
^e* = - sin [/■ dxi - X' cos Udy, 

£,eu = -du, 

we can identify the isometrics of the double null rotation quotient as 

6 = -61 -65, (4.70) 

Thus, the double null rotation is conformally related to a compactification of the 
plane wave of the type considered in [79] . 

To return to the question of the conformal boundary of the double null rotation, 
we see that it is given by the surface at Z = in (4.66), with metric 

go = -2dtdv + dip^ + dcjp- - 4ipdtd(l). (4.71) 

This is itself a compactified plane wave, as can be seen by the application of the 
coordinate transformation (4.67). One might be puzzled by this result, as one 
would have expected to find the nullbrane as the conformal boundary of the double 



^Note that this conformal embedding docs not provide a true compactification of tiic spacctime, 
since (4.66) is itself not compact. As noted above, this represents the necessary exclusion of the 
fixed points of the quotient in the Einstein static universe. 

*It is worth noting that there is a simple relation between these and the embedding coordinates 
for AdSs: x*-x^ = (sinC/)/Z, x^+x^ = -{V cosU+{X''+Y'^+Z'')sinU)/Z, x^-x^ = {cosU)/Z, 
a;6 + a;2 = (y sin U-{X'^ +Y'^ + Z^) cos U)/Z, x^ = X/Z, x^ = Y/Z. 
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null rotation. We demonstrate in appendix B that the nuUbrane is in fact related 
to (4.71) by a further conformal transformation. Thus, (4.71) and the nullbrane 

describe the same conformal structure on the boundary. The description in terms 
of the compactified plane wave (4.71) is preferable to the nullbrane for two reasons; 
First, the nullbrane only covers a part of the boundary [it corresponds to the region 
— 7r/2 < t < 7r/2 in (4.71)], so the former description is more global. Second, 
the further conformal transformation to the nullbrane does not commute with the 
symmetry ^4 of the double null rotation. If we work with (4.71), all the unbroken 
symmetries of the bulk spacetimc after we perform the quotient are realised as 
symmetries of the boundary (rather than conformal isometrics). This should be a 
helpful simplification in studying the holographic relation for this spacetime. 

The connection to plane waves also makes it easy to identify a time function for 
the double null rotation. Writing the double null rotation metric (4.65) in the form 
suitable for Kaluza-Klein reduction along (f), 

g = ^[-2dvdt - {Z'^ + 4V'^)dt^ + + (# - 2V'rft)^], (4.72) 

we see that the lower-dimensional spacetime would again be a plane wave (up to 
conformal factor). Hence, applying the results of [70], where time functions were 
found for general plane waves, we can deduce that a suitable time function for the 
nullbrane is 

It is easy to check that 

^ 4^2 
V^tVt = -[(i + ^2+4^2)2 + i6^;2]- ^^•'^^^ 

Thus, T is a good time function on AdS. Since L^^^^^^t = 0, its existence shows that 
the double null rotation quotient of AdS preserves the property of stable causality 
by the general argument of [70] . 

As recently discussed in [54] ^, the supersymmetry preserved by this double null 
rotation quotient in AdSs, and actually in any higher dimensional AdS spacetime 
embedded in a supergravity theory, \s v = i. That is, this configuration has six- 
teen supercharges. It is interesting to comment on the relation with the single 
null rotation quotient. In that case, we argued that the standard enhancement of 
supersymmetry when taking the near horizon geometry was lost after the identifi- 
cation. This may suggest that the same phenomenon is taking place in the double 
null rotation, since the action generated by the latter is the combination of two 
commuting null rotations. However, the general solution to the eigenvalue problem 

N£ = Nx-N2£ = f), 

where N stands for the full double null rotation generator in the spinorial repre- 
sentation, and Ni i = 1,2 stand for nilpotent operators, is not given in terms of the 
intersection of kernels of the nilpotent operators associated with each of the null 
rotations, which would give rise to u = j, but there exist non-trivial solutions [54] 
that enhance supersymmetry to one-half. Thus, in this case, the double null rota- 
tion quotient preserves the same amount of supersymmetry as the corresponding 
asymptotically flat analogue in terms of parallel and coincident D3-branes in the 
nullbrane vacuum. 

Deformation by B'-^'^K In order to turn on any deformation parameter, we 
must consider higher dimensional AdS spacetimes. In particular, it is natural to 



'^In [42] , it was claimed that the amount of supersymmetry preserved by the double null rotation 
quotient was 1/ = i, but as shown in [54], the latter is actually enhanced to = ^. 
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consider AdSy, since this is very naturally obtained in M-theory from the near 
horizon limit of M5-branes. If we denote by a the deformation parameter, the 
deformed seven dimensional quotient can be written as 

5AdS7 /r = cosh^ X 9dnr + dx^ + sinh^ x (#i + ot • (4-75) 

where gdnr stands for (4.63). 

Since we only turned on a single deformation parameter, a, the corresponding 
seven dimensional quotient, when embedded in string theory, will break supersym- 
metry. It is certainly possible to construct supersymmetric versions of the latter by 
deforming the orbifold action with a non-trivial action on S'*. 

4.3.2. Sphere deformations. Let us start our discussion on sphere deformations of 
the double null rotation quotient by focusing on AdSs xS^. The family of deforma- 
tions is described by (4.52), that is, by three real parameters. As discussed in [54], 
the only supersymmetric loci in the fundamental region defined by the action of the 
Weyl group is, besides the origin, given either by 6\ = 62 and ^3 = 0, preserving 
V = \, or by 6*1 — ^2 ± ^3 = 0, preserving v = ^. 

The discussion for AdSr xS^ is analogous. In this case, there exists a two pa- 
rameter family of deformations, given by (4.53). The only supersymmetric loci in 
the fundamental region defined by the action of the Weyl group is cither the origin, 
corresponding to the double null rotation quotient itself, or the line 6*1 =62, which 
preserves f =\- 

As an explicit example of a sphere deformation of the double null rotation quo- 
tient, we shall focus on a supersymmetric deformation on AdSs x S^. We will focus 
on the same sphere action considered in section 4.2.3. As before, we apply the 
general formalism developed in (4.8) for the full Killing vector ^ = ^AdS + Cs- If 
we introduce adapted coordinates so that ^ = 9^ by defining ip' = tp — ^0, the full 
ten-dimensional metric on the quotient space will be 

9 = 9dnr + del + sin^ ^1 dOl + cos^ 0i [dipi + 2{dip' + ^dcfyf 

+ sin^ 6*1 {{dtp' + jdcj))^ +dip^ + 2 cos 2B2 (d^p' + 7#) • ip) . (4.76) 

where gdnr denotes the metric on the quotient of AdS^ given in (4.63). 

We could consider quotients involving both two forms ffiii?*^*^'^^ (ipi) acting on AdS 
and sphere deformations. The techniques required to deal with them are exactly the 
same as those used above. The reader can find an analysis of their supersymmetry 
in [54]. 

5. Black holes as quotients 

In the previous section, we discussed causally regular quotients, which arise in 
some cases where the Killing vector defining the AdS orbifold is nowhere timelike. 
One might think that these are the cases of primary interest, since any other quo- 
tient will have at least a region of closed timelike curves. However, as is well known, 
certain causally ill-behaved quotients can be given an interpretation as an analogue 
of black holes [36,37]. 

The idea is that one can excise regions where closed timelike curves will arise 
from the original spacetime, and consider the quotient just of the remaining portion 
of AdSp+i. The resulting geometry will be causally regular by construction, but 
will clearly not be geodesically complete, having a 'singularity' corresponding to 
the boundary of the excised region. This singularity is not a curvature singularity 
in the classical geometry, but extending the spacetime beyond it would introduce 
causal pathologies; it is therefore expected on the basis of the chronology protection 
conjecture that quantum corrections will lead to a true singularity at this location. 
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The interesting question is whether this singularity is naked — that is, visible from 
infinity — or concealed by an event horizon. If it is behind an event horizon, we view 
the quotient geometry as a black hole, generalising the BTZ solution [36,37]. 

In this section, we will study which quotients can lead to black holes of this type. 
Unlike in the previous section, where deformation on the sphere introduced qualita- 
tively new possibilities, we find that the quotients with a black hole interpretation 
are the BTZ quotients in AdSs , and the higher-dimensional generalisation of the 
non-rotating BTZ quotients, coupled with some action on the sphere. 

First, we need to establish what region of the spacetime we remove. In [38], 
where quotients acting just on the AdS factor were considered, it was argued that 
we should remove the region where the Killing vector ^AdS fails to be spacelike. 
Clearly, the quotient will contain closed timelike curves in this region. However, 
it is not in general true that all closed timelike curves will pass inside this region. 
In particidar, for cases with B^^''^\(pi) components, this does not remove all the 
closed timclike curves. 

Closed timclike curves in the region where ^Ads is spacelikc can be constructed 
by an argument very similar to that used in section 3. As discussed at the beginning 
of section 4, for any of our quotients, we can construct a natural coordinate system 
(4.1) on the AdS part, in which we decompose AdSp+i in terms of an AdS„+i 
and a S^""" factors, where the Killing vector generating the quotient is ^AdS = 
?AdS„+i + Cr, with ^AdS„+i acting only on the AdS„+i part of the metric (4.2) and 
containing the non-trivial block or blocks, while the S,r is a combination of rotations 
(the B^'^''^\ipi) blocks) acting on the unit sphere S^~"~^. Now consider an orbit 
where ^AdS is spacelike, but ^AdSn+i is timelike. As in section 3, we can construct a 
closed curve which follows the orbit of ^AdS„+i on the AdS„+i factor and a length- 
minimising geodesic on the S^~"~^ factor. There are identified points which are 
separated by an arbitrarily large timelike distance in the AdS„+i factor; since the 
separation on S^'~"~^ is bounded, this closed curve will be timelike for sufficiently 
large separation on the AdS„-|-i factor. Obviously, a similar argument applies when 
we consider the deformation on the transverse sphere; there will be closed timclike 
curves wherever the norm of the non-trivial blocks taken on their own is timelike. 

Thus, it would seem that a natural region to excise is the region where ^AdS„+i is 
timclike. That is, the region to excise is determined by the norm of the non-trivial 
blocks, omitting all the rotations (both B^^'^\ipi) and the rotations on transverse 
spheres). Note however that this is still not sufficient to eliminate the closed timelike 
curves in all cases. That is, the resulting quotient is not guaranteed to be causally 
regular. However, this is the only possibility we will consider here. It represents the 
natural generalisation of the construction of black hole solutions of [36,37] to higher 
dimensions. We will focus on seeing what black analogues can be constructed by 
removing this portion of the quotient. We will see that the resulting spacetime in 
the black hole examples are in fact free of closed causal curves. 

The singularity surface we consider is then where ^Ads„+i " CAdS„+i = in 
AdSp-|_i X S^. Our main concern for the rest of this section is to establish in which 
cases this singularity surface is naked, and in which cases it is concealed by an event 
horizon. Since ^AdS„+i is a Killing field, 

Vads„+i(liads„+J|') = 2iads„+i (vads„+iads„+i) = o, (5.1) 

so CAdS„+i is always tangent to surfaces defined by ||^AdS„+iP = constant. Hence, 
the 'singularity' defined by [|CAds„+iII^ = has a null tangent, and must be a 
timelike or null surface. We think of such a quotient as an analogue of a black hole 
if there is a non-trivial event horizon J~(J+) in the quotient. Since the singularity 
surface is timelike or null, this can only happen if the singularity surface divides 



34 



FIGUEROA-O'FARRILL, MADDEN, ROSS, AND SIMON 



the future null infinity 3"^ of the AdSp+i spacetime into disconnected regions. The 
behaviour of the Killing vector on the asymptotic boundary of the AdS spacetime 
is therefore essential in determining if a given case is a black hole or not. 

5.1. AdSa black holes. For the AdSs case, the addition of a deformation on the 
sphere does not significantly modify the analysis of [37]: the only quotients which 
lead to black holes are the ones whose AdS Killing vector field is associated with 
the two-forms B^^''^\f3i) © ^(^'^^(/Sa), for ^ j/Jal, and B^'^'^^P) for P ^ 0, 
corresponding to non-extremal and extremal black holes, respectively. These AdS 
Killing vectors correspond to type /{, and type Ila in the notation of [37] When 
embedding these black holes in string theory, it is certainly natural to embed them 
in type IIB, in terms of AdSa x S^ xT^, coming from the near horizon of the D1-D5 
system. Thus, the most general Killing vector field giving rise to black holes is 
given by 

C = (.BTZ + (^1 Rl2 + 02 R34 , (5.2) 

where we are using the notation introduced in Section 2.3. 

The metric on these solutions is easily constructed. For simplicity, we shall focus 

again on the deformation for which Oi = 62 = 7. Let us adopt BTZ coordinates on 
the AdS space, so that ^AdSa = and adapted coordinates on the sphere, so that 
^5 = 9^. Then the metric is 

j.i _ —r_) 

+ + + #2 + 2 cos 2edxdtp, (5.3) 

and the quotient introduces the periodic identifications (j) ^ 0+27rm, ip ^ 'ip+2'Kjm, 
m € Z. If we introduce a new coordinate tp = tp — jcp, then ^ = 5^ and the metric 
in fully adapted coordinates is 

+ 7^#^ + 27#(# + cos 2edx) + dO^ + dx^ + + 2 cos 2edxdtp. (5.4) 

Note that the deformation on the sphere does not affect the leading part of 

the metric at large distances, so the structure of the asymptotic boundary of the 
black hole is not changed. From the point of view of Kaluza-Klein reduction over 
the sphere, this geometry is described as the rotating BTZ black hole with a flat 
SU{2)l C 5*0(4) gauge connection = 7 turned on, in analogy with previous 
discussions of conical defects [73]. Since the gauge field has zero stress-energy, it 
does not modify the three-dimensional metric. Its presence does however modify the 
supersymmetry conditions [73]. Unlike in the conical defect case, wc cannot make 
non-supersymmetric black hole solutions supersymmetric by adding a deformation 
on the sphere, as we cannot balance the hyperbolic black hole holonomy by a 
holonomy in SU{2). 

5.2. Higher-dimensional black holes. Let us now investigate what happens in 
higher dimensions. For the excision we are studying, the singularity is determined 
by the non-trivial part of the AdS action, ^AdS^+n and the presence of horizons is 
determined by considering the intersection of this singularity surface with the AdS 



^'^Note that the M = J = black hole solutions of [37], obtained by quotienting by , do 

not have a generalisation to include rotation on the sphere, as the associated AdS Killing vectors 
axe nowhere timelike, so these give causally regular quotients once a non-trivial ^ga is included, 
as described in the previous section. 
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boundary. We therefore focus on the AdS part of the story, and only add in the 
sphere at the end. 

We want to know if there is an event horizon in the quotient. Since the focation 
of the singularity is determined by ^Ads„+i, it is natural to study this using the 
decomposition (4.1). This considerably simplifies the task of studying the higher- 
dimensional cases, by relating it to the lower-dimensional classification. It would 
require considerable work to determine directly from the form of the Killing vectors 
whether or not event horizons exist. By relating this question to the existence of 
horizons in lower dimensions, we can avoid most of this work and also gain some 
valuable insight into the differences between the AdSa case and higher dimensions. 

For a Killing vector which does not contain a B^^'^' block, a B^'^\ip) block, two 
blocks, or a 

g^^^ ^ ^(1,1) block, we can adapt the coordinate system 
of (4.2) with n = 2; that is, we can decompose AdS^+i in terms of AdSa and S^~^ 
factors. The Killing vector then decomposes as ^Ads = ^AdSs + ^r, where ^AdSs 
acts only on the AdSs part of the metric (4.2) and contains the non-trivial block or 
blocks, while the is a combination of rotations (the B^^^'^^ipi) blocks) acting on 
the unit sphere S^~^. Furthermore, ^AdSa is precisely the Killing vector associated 
to the same type of quotient in the analysis of [37]. 

We would exploit this decomposition to simplify the problem of finding horizons. 
We will show that there is a simple condition on the action in AdSs which will imply 
that the singularity is naked in AdSp+i . The existence of a non-trivial event horizon 
in the quotient spacetime implies that there are points in the singularity surface 
I I^AdSs I P = which cannot be connected to the same asymptotic region in both the 
past and the future. Conversely, if a point in AdS with HCAdSalP = lies on some 
timelike curve which lies entirely in the region where H^AdSg IP > in the bulk and 
starts and ends in some connected component of the region of the boundary where 
IICAdSalP > 0, this point on the singularity will be naked in the quotient. Thus, 
the existence of such a curve implies the nakedness of the singularity. 

Now, in the coordinates (4.2), we can consider the restriction to the AdSs factor 
at some fixed point on the sphere factor that ^j, acts on. and ask if there is such 
a curve which in addition stays in this submanifold. This will supply a sufficient 
condition for nakedness of the singularity which can be expressed in AdSs terms. 
We therefore want to look for a timclikc curve in AdSs which connects points in 
the same connected component of the region of the boundary where H^AdSslP > 
through the region where H^AdSall^ > in the bulk, and passing through a point at 
II^AdSalP = 0. But this is the same thing as the condition for a naked singularity 
in AdSa: cases which do not lead to black holes in AdSa do not lead to black holes 
in higher dimensions either. Horizons can only arise in the cases where there is a 
horizon in the AdSa quotient. 

Consider now the cases which give black holes in AdSa; that is, the i?(^'^^(/3i) © 
B(i'iH/32), for |/3i| ^ |/32|, and S(2.2)(/3) for /3 ^ 0. Consider first the rotating black 
holes. We will sec that there will be no horizons in the higher-dimensional cases. In 
the quotient of AdSa, we obtained a solution with an inner horizon and a timelike 
singularity, so any point on the singularity surface was connected to the boundary 
to both the past and future, but it was connected to different components of the 
boundary, so this did not imply the absence of a horizon. In higher dimensions, 
however, we can describe the asymptotic boundary in terms of an AdSs x S^~^ 
metric, 

.9a = .9AdS3 (5.5) 
Since the portion of the bulk of AdSa where ^AdSg is spacelike is connected, the 
portion of the boundary of AdSp+i where ^AdSg is spacelike will be connected, 
and hence the curves which link a point on the singularity to the boundary have 
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their endpoints in a single connected component of the region of the boundary 
where H^AdSglP > 0. Thus, they imply that the singularity is naked in the higher- 
dimensional quotients, as noted for the case p = 3 in [38]. 

This leaves only the cases where we quotient by a Killing vector with a single 
B^^'^^ factor, which would correspond to a non-rotating black hole in AdSa. We 
will see shortly that this case does have non-trivial event horizon for AdSp+i, p > 2. 
This is thus the only case involving AdSs blocks with an event horizon in higher 
dimensions. 

It remains to consider the Killing vectors containing blocks _B(2,3) g^j^^ B''^'^\ip), 
and the cases containing two S^^'-^-' blocks or a iJ^^'-^' block and a i?*^^'^' block. 
However, these do not lead to any more examples with horizons. For two B^^''^^ 
blocks, this is obvious, as the Killing vector is nowhere timelikc. For the _B(2,3) 
block, we can observe that it was shown in [38] (where this case is called type V) 
that there is no horizon in this case in AdS4; this can easily be extended to show 
that there is no horizon in higher dimensions by the arguments used above. For a 
5(1.2) i,\qq]^ a,nd a 5^^'^) block, we can similarly appeal to the analysis of [38]. 

For the B^'^\ip) blocks, we analyse the situation in AdSs, and appeal to the 
argument set forth above to extend the conclusion to general dimensions. In AdSs, 
the Killing vector is 

CacJS = ei5 - 635 ± 626 - 646 + 'fi{Tei2 + 634 + 656) • (5.6) 

The norm of this Killing vector is 
II^Adsll^ = -ip^ + 4<p{xe{x3 - xi) - X5{x4 =F X2)) + {x3 - xi)^ + {x4 =F 2:2)^, (5.7) 

where {.xi, . . . , .xe} are the R^'* embedding coordinates. Adapting a global coordi- 
nate system on AdS5, 

xi = cosh yO cost, X2 ~ cosh p sin t , 

X3 = sinh p cos cos 0, X4 = sinh p cos sin (5.8) 
X5 = sinh p sin cos 'ip, xq = sinh p sin ^ sin , 

the norm becomes 

II^Adsjl^ = + 4(/?sinh psin [— coshpsin(V' ± t) + sinh pcos sin('0 — (j))] 

+ cosh^ p + sinh^ p cos^ — 2 cosh p sinh p cos cos(0 ± t) . 

Thus, we see that the global time dependence of the norm is simply a simultaneous 
rotation in the two angles 0, tp on the in AdSs. Thus, the region of the boundary 
where the norm of the Killing vector is spacelike is clearly connected, and this case 
does not give rise to a black hole in any dimension. 

Thus, the only quotient with a black hole interpretation for p > 2 is the quotient 
by an AdS KiUing vector B'^^'^^jS) B''"'^\ipi). The resulting quotient is the 
higher-dimensional generalisation of the non-rotating BTZ black hole. Special cases 
of this solution for p = 3, 4 have been discussed before in [38,39,40].^^ As above, 
the natural coordinate system on these quotients in general is the one given by the 



-'^-'^We are again excluding the case of B^^''^\ corresponding to an M = black hole, on the 
grounds that once we include rotation on the sphere, this will become a causally regular quotient. 

^^Note that in [38], it was claimed that this does not lead to a black hole for ipi ^ 0. This is 
because [38] took the singularity surface to be H^AdslP = 0, which does not eliminate all closed 
timelike curves in this case. Wc take the singularity surface to be H^AdSall^ = 0) cutting out more 
of the global AdS spacetimc; this gives a causally regular spacetime which can be interpreted as 
a black hole. 
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decomposition (4.1). If we adopt adapted coordinates for the B^^'^\0) action on 
the AdSs factor, this is 

g = cosh^ X i -{r^ - l)dt'^ + ^3— y + r^^^ \ + + sinh^ xd^p.s . (5.9) 

where we have re-absorbed the length scale r+ associated with the black hole by 
rescaUng coordinates, so the period of the angular coordinate depends on r+. 
The quotient makes identifications in (f) with some twist on the S^^'^ determined 
by the ifi. We note that although these are deformations of the higher-dimensional 
BTZ quotient by rotations, they do not look like rotating black holes in the usual 
sense: di is still hypcrsnrfacc-orthogonal, and there is a single horizon. 

The special case where we consider a simple boost, so (pi = 0, was considered in 
detail in [38,39,40]. In this case the quotient preserves, in addition to the symmetry 
associated with ^, an SO(l,p — 1) symmetry in the orthogonal subspace. Various 
coordinate systems were defined on the quotient which are adapted to make some 
or all of this symmetry manifest in [39,40]. We would like to briefly connect to 
that work by showing how our preferred coordinate system above which makes the 
AdSa structure manifest is connected to one of those coordinate systems. 

In [40] , "spherical" coordinates were defined, in which the metric takes the form 

g={p^- 1) [- sin^ edt^ + d0^ + cos^ 0dnp_3] + (^23^) ^ ^^""^^^ 

These coordinates are one example of coordinates adapted to the SO(l,p — 1) x 
S0(1, 1) symmetry of this spacetimc. They are related to (5.9) by the coordinate 
transformation 

cos 9 = ' , p = rcoshx- (5-11) 

VP^ - 1 

It is interesting to note that this shows that the S0(1,1) manifest in (5.10) is 

precisely the time translation of the BTZ black hole. Note that the spherical co- 
ordinates of (5.10) cover more of the spacetime than the BTZ coordinates of (5.9). 
This illustrates that while the coordinates we have constructed adapted to the de- 
composition of the Killing vector in terms of lower-dimensional quotients are useful, 
they are not the best coordinate system for every purpose. 

Another interesting coordinate system on this quotient is the 'de Sitter' coordi- 
nates of [40], which were used in [80,81], where this locally AdSp+i black hole arises 
as the asymptotic behaviour of the bubble of nothing solution. In that context, it 
is convenient to adopt a coordinate system in which the metric is 

jp2 p -, 

g={l + R^)d4>'^ + j-^ + -dr^ + cosh^ T{dP + sin^ Milp^s) . (5.12) 

1 + R L J 

These coordinates are adapted to the same SO(l,p— 1) x S0(1, 1) symmetry as in 
(5.10). The coordinate transformation relating (5.12) to (5.10) is 

p'^ = l + R^, cos ^ = cosh T sin 6* , tanh t = ^^^^J _ (5.13) 

cos 6 

These 'de Sitter' coordinates have the advantage that they cover the whole exterior 
region of the black hole. They demonstrate that the black hole is not a static 
solution in higher dimensions; there is no Killing vector which is timelike everywhere 
outside the black hole event horizon. 

As in the three-dimensional case, when we consider the quotient of AdSp+i x S', 
we can write the AdS and sphere factors in adapted coordinates separately, so 
that ^AdS = d^, and ^s = d^j- Fully adapted coordinates are then obtained by 
setting tp = tl) — -ycf), which introduces 0(1) cross terms between AdS and sphere 
coordinates. Again, from the Kaluza-Klein reduced point of view, what we are 
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doing is introducing a flat SO{q + 1) gauge connection = 7 on the black hole 
solution above, without modifying the metric. 

One other issue deserves remarking on on the subject of black holes: in [40], it 
was claimed that a rotating black hole solution could be constructed by taking a 
quotient of AdSs. We want to point out that this is not the same as the deformation 
by i?(0'2) (^^^^ discussed above; in fact, this quotient is not a black hole. The solution 
of [40] was given by considering AdSs in the coordinates 

sinh^ p [- cos^ OdP + d9^ + sin^ 9dijj^] + dp^ + cosh^ pd^^ , 



9 

and making identifications along 
hole' metric of the form 



g = cos^ 6 



at fixed t 



dr + # 



r+t- 



(5.14) 
This gives a 'black 



+ 



(r^ - r\) 

(r^ — r\) ■ (r^ — r^) ' {r\ — r?.) 



+ 



(^6*2 + sin^ 6»dV^) + 



(r^ - rX)dt 



r\ (r^ 



-) 



{r\-rl) 



sin^ edcj)"^, 
(5.15) 



where = r\ cosh^ p — r1_ sinh^ p. Since the coordinates i and (j) in (5.14) both 
parametrise S0(1, 1) symmetries (while x parametrises an S0(2) symmetry), we 
can easily see that this quotient corresponds to the rotating BTZ black hole type 
of quotient: that is, to a quotient by a Killing vector formed from S^^'-'^) (/3i) ® 
-B^^'^^(/32), with /3i/32 9^ 0. This can be seen explicitly by noting that defining the 
new coordinates Xi ^ by 



2 {r'^-rl) „ 



sinh X = 



- r_ 

„2 



(5.16) 



cosh^ X 



we can rewrite (5.15) as 



5 = cosh X 



dr +f^\d(j)+ (r - rX)dt 



+ 



(r^ — r\) ■ (r^ — r^) 



dx^ + sinh^ X#^ , (5-17) 



showing that the quotient space has a rotating BTZ black hole factor and a circle 

factor, as expected for this type of quotient. Now, we have argued above that the 
presence of a rotating BTZ black hole factor implies that the region of the boundary 
of AdSs where the Killing vector we are quotienting along is spacelike is connected. 
Thus, this quotient cannot lead to an event horizon. The apparent presence of 
an event horizon in the coordinates (5.15) is attributable to those coordinates not 
covering the whole of infinity. 



6. On Penrose limits of discrete quotients 

In Section 3, we determined the subset of quotients of AdSp+i x S' spacetimes 
having closed timelike curves. In the main body of this work, we focused on the 
quotients which are free of closed causal curves, or on those having them, but allow- 
ing a black hole interpretation. We would like to finish our work with some short 
discussion regarding the relation of a subset of quotients of AdSp+i x S^ having 
closed timelike curves and not falling in the black hole category and compactified 
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plane waves and Godel-type universes, both having closed timelike curves. The re- 
lation between closed timelike curves in quotients of AdSp+i x and compactified 
plane waves was already briefly commented on in [70]. 

That such a relation should exist is very intuitive, given the existing relation 
between Penrose limits of AdSp+i x and plane waves [61,62,63], and the T- 
duality relation between the latter and Godel-type universes [58,59,71]"'^^. One 
possible motivation to make this connection more precise could be the fact that 
AdS/CFT [82] could shed some light on the issue of physics in the presence of 
closed timelike curves. 

In general, the operation consisting on taking the Penrose limit of a given config- 
uration M does not commute with the operation of considering a discrete quotient 
in M. Even though we do not have a general statement, it turns out that for abclian 
discrete quotients whose generator belongs to the maximal compact subgroup of 
AdS, that is for two-forms B^'^''^\ip) ®i B^°'^\ipi) , the following diagram commutes. 



(AdSpxS«)/r K 



Penrose limit 



Penrose limit (^•^) 



^plane wavej /T '^^) Godel-type 

Let us make the connection more explicit. Even though we could develop the 
discussion in general, we shall focus on AdSa x S'^ for algebraic simplicity. Consider 
the quotient generated by 

= pA_dr + pA+d^+p{d^ + d^), (6.2) 

where {r, p, Lp} arc global coordinates in AdSs and {9, tjj, x} arc global coordinates 
in S^, whereas /3 is any no n- vanishing real number and A± are defined as 

A±=(^±T^) ■ (6-3) 



4/32 J?2 

The norm of such Killing vector field is given by 

ll^cf = ~ + ^^^^^^^ + • ^^-^^ 

Thus, ll^dP > whenever 8/3^ i?2 > V 6*. Even if this property is satisfied, 
we know the corresponding discrete quotient will have closed timelike curves, as 
proved in section 3. 

It is convenient for our purposes to make the change of variables 

T = dA-U + X~ , (fi — ifi + du, 

(6.5) 

tp = (3A+U- X , x = X + 0u , 

in which = du- The global metric describing the above quotient of AdSs x 
consists in rewriting the metric in the new adapted coordinate system and making 
u compact. The result is 

g = -i?2 (cosh^ p - cos2 9) {dx^f + {dp^ + sinhV#^ + d9^ + sir? 9 dx^) 
+ 2/3 i?2 (gj^2 g^j^^ ginii2 ^ _ (-^_ ^osh^ P + A+ coti^ 9) dxr) 

+ j|ecfrfw'. (6.6) 

The full type IIB configuration certainly includes a transverse T**, and some fluxes. 
It will not be necessary for our purposes to write these explicitly, but we shall keep 



The interplay between Penrose limits and quotients of AdS was also considered in [50], 
although their physical motivation was not related to closed timelike curves. 
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in mind that we are working with a vacuum in which no NS-NS three-form field 
strength is turned on. 

We shall first show that the Penrose limit of (6.6) is indeed a quotient of a plane 
wave. The procedure is by now standard. Thus, we shall just state that one needs to 
rescale x~ = v, take the limit oo while focusing on the lightlike geodesic 
sitting a.t p = = 0. Thus, wc also need the rescalings p = and 6 — ^. Following 
this prescription, and having in mind that u is compact, we can afterwards apply a 
T-dual transformation giving rise to a Godel-type spacetime, in particular, to one 
dual version of Ss, following the conventions introduced in [59]. Of course, the dual 
configuration will have a non- vanishing NS-NS two-form potential, by construction, 
due to the crossed-terms in the metric (6.6). 

We would be interested in determining the spacetime that we get after applying 
the upper horizontal transformation in the diagram above. This corresponds to 
applying a T-duality transformation along the orbits of du- The T-dual metric that 
we get in this way is given by 



g' = ~R^ (cosh^ p - cos^ 6*) {dx' f + {dp^ + sinh^ p dif + dO"^ + sin^ 9 dx^) 



It is a straightforward exercise to check that the Penrose limit of the above metric 

gives rise to S5. The corresponding fluxes can also be matched. Note that ||^c||^ 1 
in the Penrose limit, which matches the construction given, for instance, in [58]. 

Thus, indeed, it is possible to understand the physics of Godel-type universes as 
describing the physics of certain sectors of the dual field theory associated with the 
discrete quotient of the original AdSs x S^, following [83]. However, we also see that 
the dual field theory is living in a space with closed timelike curves. One easy way to 
realise this fact is to note that the action of the Killing vector field acts in the same 
way at any value of the non-compact spacelike coordinate p in AdSa, in particular at 
its conformal boundary. Actually, the argument applies to any AdSp+i spacetime. 
We thus learn that if AdSp+i /F is the geometry of the bulk, where F stands for 
the discrete group associated with the discrete quotient generated by B'^'^'^^{ip) 



5(0,2) (^ip.^^ it;g conformal boundary is given by x ^ j /f , where f stands for the 

restriction of F on the boundary. The conformal boundary quotient would possibly 

include a non-trivial action on the fields coming from the R symmetry group. Thus, 
whenever F acts non-trivially on the real timelike IR axis, the boundary theory will 
be defined in a base space having closed timelike curves, and as such, it will be 
non-globally hyperbolic. Therefore, any holographic description for these scenarios 
involves an understanding of field theory in non-globally hyperbolic spaces, which 
we are generically missing. 
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Appendix A. Global vs Poincare patch in AdS 

In this appendix, we will review the global coordinate and Poincare patch de- 
scriptions of AdSp+i. We wish to remind the reader of the expressions for the 

Killing vector fields generating the isometrics in these two coordinate systems. For 
the Poincare patch, this will be useful for understanding the relation between cer- 
tain global AdS quotients and the near horizon limit of the corresponding discrete 
quotients of brane geometries in supergravity. For global coordinates, this will be 
useful for understanding the action of the Killing vectors on the ESU boundary of 
AdS. 

Considering first the Poincare coordinates, let us define {y^, z} /i = 2, . . . ,p -|- 1 
in terms of the flat embedding coordinates in R^''' introduced in (2.1) by 



z 

1 

X 



In these coordinates, the AdSp+i metric is 

g = ^{v^..dy''dy'' + dz^). (A.2) 
z 

The explicit symmetries in this form of the metric are the Poincare symmetries 
acting on the slices of constant z. Using the identities 

dx^ _ 1 dxP+^ ^ 1 _ P+2 _ i 

dy-'z^" ' dy- ~ dy-''^""'' ' ~z' 

we see that these are related to the usual so{2,p) basis by 

Pn = dy^ ^ - (ei^ - 

L^i, = yndyi' - y^dyu. — »• e^,. . 

Therefore, timelike translations in the Poincare patch correspond to a null rota- 
tion with two timelike directions in global AdS, which is mapped to the two- form 
B^'^'^\ On the other hand, spacelike translations in the Poincare patch corre- 
spond to a standard null rotation with two spacelike directions, or equivalently. 
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to Finally, Lorentz transformations in the Poincare patch are mapped to 

Lorentz transformations in IR^'^. 

The other symmetries in so(2,p) are realised as conformal symmetries acting on 
the slices of constant z together with a suitable dz component: 

e-ifx + = -rjauV" y" dy^ + 2yu,y''dy^ + 2zy^dz, (A.4) 

eip+2 = -y^dyi. - zd^. (A.5) 

A convenient global coordinate system on AdSp+i is defined in terms of the 
embedding coordinates by 

X\= cosh X sin T, 

a;2 = cosh X COST, (A. 6) 

Xm = smh.xxm, m = 3, ...,p + 2, 

where the embedding coordinates for an ^, J2m — 1- '^^^ metric in 

this coordinate system is 

g = - cosh^ xd'^^ + dx^ + sinh^ xd^p-i- (A.7) 

The explicit symmetries of this form of the metric are the time-translation 

ei2 = dr, (A.8) 

and the so{p) symmetries of the sphere, 

Cmn — Xmdxn ^ndxm i '^i = 3, . . . , J) + 2. (A-9) 

The other Killing vectors arc 

^Im ^ COS T tanh X^m^r ^ SlUTX^yid^ + sin T COth x('^7nn X^Xn 
e2m = - sinrtanhximSr + cos TXmdx + cost COth x(5mn - XmXn)dx 

where m,n = 3,...,p+2. 



(A.10) 



Appendix B. Symmetry-adapted coordinates for nullbranes 

As a byproduct of our investigations of the quotients of Anti-dc Sitter space 
in this paper — most particularly, the studies of the double null rotations in sec- 
tion 4.3 — we were led to realise that there is a rich structure of symmetries in the 
nuUbrane quotients of flat space which has not been fully exploited in previous work 
on these solutions. 

The nuUbrane is a quotient of flat IR^'^ by a combination of a null rotation and 
a translation [20], 

C = ^4 - ei2 + 623 = ^4 + [X^ - X^)d2 + x\di + 83), (B.l) 

where x^ is the timelikc coordinate and {x2, x^, x^} arc spacelikc ones. The norm 
of this Killing vector is = {xi — x^)"^ + 1, so it is spacelike everywhere. This 
quotient was shown to be free of closed causal curves in [20] . There are three Killing 
vectors in the 5o(l, 3) k IR* Poincare algebra on IR^'^ which commute with this ^, 

Cl = - ei2 + 623, 

6 = ^2 - (614 + 634), (B.2) 

£,3 ^ di+d3 . 

These have norms jj^ijl^ = ||^2f = and ||$3f = 0. The only non-trivial 

commutation relation is [^1,^2] = —2^3. The coordinates deflned on the nuUbrane 
in [20] do not make any of these additional symmetries manifest. We will now 
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construct an adapted coordinate system which makes the ^2 and ^3 symmetries 
manifest: that is, we want ^ = d^, ^2 = and ^3 = dy. This requires 

I 3 dx'^ _ 
X -X ,-^-1, 

l,^=x'-x\ (B.3) 
dtp 

dx^ _ dx^ _ ^ 
dv dv 

Since x} — x^ is independent of 0, we will choose to define coordinates so that 
x^ — x^ = u. A suitable coordinate system is 



dx^ 


_dx^ _ 2 
~~d^ ~^ ' 


8X2 






dx^ 


dx^ 2 
d'lp 


8X2 


5^ 





x^ +x'^ = 2(jnp + u{(t)^ + ip^) + 2v, 



x^ — x^ = u, 



X^ = tjj + U(l 



(B.4) 



= + uV • 

In these coordinates, the flat metric is 

g = -2dudv + (1 + «^)(#^ + + md^dip . (B.5) 

The nuUbrane is constructed by compactifying the (j) coordinate. The determinant 
of the metric is — dot g = (1 — so this coordinate system breaks down at 

M = ±1, where the expressions for and lose their linear independence. Thus, 
although these are symmetry- adapted coordinates, they do not provide global co- 
ordinates for the spacetime. 

It is interesting to note that in these coordinates, the solution resembles a plane 
wave written in Rosen coordinates. For the uncompactified solution, this is not 
unexpected; flat space is a trivial plane wave. The interesting observation is that the 
compactification of (p preserves this structure. By a slight change in the coordinate 
system, we can make a more direct relation to a non-trivial plane wave, and at the 
same time obtain global coordinates. Instead of (B.4), we set 

„1 I ^3 



x'- +x'^ = 2(pi} + u{(p^ + tp^) + 2v, 



x^ — x'^ = u, 



x^ = ip + uq 



(B.6) 



x'^ = (p — uip . 

The flat metric is now 

g = -2dudv +{1+ u^){dtp^ + dc/y^) - Aipd(pdu . (B.7) 

The determinant of the metric is — detgr = (1 -|- m^)^, so this is now a global 
coordinate system. 

The price we pay is that the symmetry ^2 is no longer manifest; on the other 
hand, this form treats the two Killing vectors ^1 and ^2 more symmetrically. In 
these coordinates, ^ = dcf,, ^3 = dy, while the other two Killing vectors are 



1 + f + 1 + u-' 

l + u-' 1 + U-' 1 + u 



(B.8) 
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The inverse coordinate transformation is 

U = X — X , 

x^ + {x^ - x^)x'^ 



[1 + (a;i - x^f] ' 
x"^ - (a;^ - x^)x'^ 

[1 + (xi - 0:3)2] ' (B.9) 



2v=ix^+x^)-^^j-^^iixr+{xr) 



2 



[1 + - x^) 



3^212 



(x^ + (x^ - x^)x'^)ix^ - {x^ - x^)x^) 



The advertised relation to the plane wave can be seen if we now set u = tant/. 
Then 

g = [-2dUdv + #^ + #2 - ii)d^dU] . (B.IO) 

cos^ U 

The metric in square brackets is a conformally flat plane wave. Furthermore, the 
symmetry ^ = that we quotient along annihilates the conformal factor, so we 
can think of the nullbrane as conformally related to a compactified plane wave. 
The plane wave nature of this solution can be instantly recognised after the further 
coordinate transformation 

V = V + ip<p, 

X = ipcosU + (l)smU, (B.ll) 

Y = —tp sin ?7 + cos U, 

which brings the metric to the form 

g = -Ar-[-2dUdV - (X^ + Y'^)dU^ + dX'^ + dV^]. (B.12) 

cos^ U 

This form makes little of the symmetry explicit. The Killing vector we are quoti- 
enting along is 

^ = sin Udx + cos Udy + {XcosU-Y sin U)dv, (B.13) 
and the other symmetries of the quotient are 

^1 = sin Udx — cos Udy + {X cos U + F sin U)dv, 

6 = cosUdx +si7iUdY + {-X sinU + Y cosU)dv, (B.14) 

Note that not only does ^ annihilate the conformal factor; so do the other isometries. 
Thus, all the isometries of the nullbrane are related to isometries of the conformally 
related compactified plane wave. We can recognise them as 

where we write the isometries of the plane wave in the usual basis 

= — COS U dxi + X'^ sin Udv, 
= - sin [/ dxi - X' cos Udy, 

^eu = —du- 
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Thus, the quotient of the plane wave that is conformaUy related to the nuUbrane is 
of the type considered in [79]. The additional symmetry that would be present 
in the plane wave is broken by the conformal factor. As we saw in section 4.3, this 
is precisely the additional symmetry that appears in the double null rotation. 

As in section 4.3, in addition to exposing this relation to the plane waves, the 
global coordinates (B.IO) allow us to easily find a global time function for the 
nuUbrane, hence demonstrating that it is a stably causal solution. We first rewrite 
the nuUbrane metric in a form suitable for Kaluza-Klein reduction along (p, 

g = -Arvrl-'^dUdv - Aip^dU^ + dip"^ + (# - 2xl)dUf]. (B.17) 
cos^ U 

Wc SCO that Kaluza-Klcin reduction will give a plane wave metric in one dimension 
lower (up to conformal factor). Hence, applying the results of [70], a suitable time 
function for the nuUbrane is 

It is easy to check that 

VrV-r = = '(^ + "') (B19) 

Thus, T is a good time function on flat space, and since £jt = 0, the nuUbrane is 
stably causal by the general argument of [70]. 
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